Logarithmic Sobolev inequality for diffusion semigroups

Ivan Gentil

June 22, 2009

Abstract

Course given in Grenoble at the 2009 summer school : Optimal transportation, Theory
and applications

1 Introduction

The goal of this course is to introduce inequalities as Poincaré or logarithmic Sobolev for
diffusion semigroups. We will focus more on examples than on the general theory of diffusion
semigroups.

A main tool to obtain those inequalities is the so called Bakry-Emery I's-criterium. This
criterium is well known to prove such inequalities and has been also used many times for
other problems (see for example [BE85, ABCT00, Bak06]).

In Section 4, we will explain an alternative method to get a logarithmic Sobolev in-
equality under the I's-crierium. It is called the Mass transportation method and has been
introduced recently (see [CE02, OV00, CENVO04, Vil09]). By this way we will also get a
another inequality called the Talagrand inequality or 1o inequality.

2 The Ornstein-Uhlenbeck semigroup and the Gaussian
measure

A Markov semigroup on R™ (for n > 0) is associated to a Markov process, there are two
famous example of diffusion semigroups. The first one is the heat semigroup which is associ-
ated to the Brownian motion on R™. In this course we will study the second one which is the
Ornstein-Uhlenbeck semigroup. As we will see in the next section, the Ornstein-Uhlenbeck
semigroup is associated to a linear stochastic differential equation driven by a Brownian
motion.

In this note a smooth function f in R™ is a function such that all computation done as
integration by parts are justified.

2.1 Definition and general properties

Definition 2.1 Let define the family of operator (Pt)i>o : if f € Co(R™) then

Puf(e) = [ Fleta s VI= ey (o) W
where
o — olvl2/2 ;
Y(y) = W Y

is the standard Gaussian distribution in R™ and || is the Euclidean norm on R™.
The family of operator (Py)i>o is called the Ornstein-Uhlenbeck semigroup.



Remark 2.2 If (X;);>0 is the Markov process defined by the stochastic differential equation

{ dX; = /2dB; — X,dt @)

Xo=0
then the Ito formula gives that for all continuous and bounded functions f on R™,

Pif(z) = Eo(f(X¢)).

Since the stochastic differential equation is linear, one can give an explicit solution, equa-
tion (1) is known as the Mehler Formula,

t
X, =e X, +/ V2e* tdB;.
0

Proposition 2.3 The Ornstein-Uhlenbeck semigroup is a linear operator satisfying the fol-
lowing properties :
(i) Py =1Id
(ii) For all functions f € Co(R™), the map t — Pyf is continuous from R* to L2(dy).
(i) For all s,t > 0 one has Py o Py = Pgyy.
(iv) Pokl=1and Pef >0 4f f > 0.

(v) [Pell g < 11flloo-
We say that the Ornstein- Uhlenbeck semigroup is a Markov semigroup on (Cy(R™), ||| )-

Proof
< We will give only some indications of the proof. First it is easy to prove items (i), (i),
(iv) and (v).

For the item (¢i7), you just have to compute the Ornstein-Uhlenbeck as follow : Py f(z) =
E(f(e 'z 4+ V1 —e=2tY)) where Y is a random variable with a Gaussian distribution. Then
compute Py (P f) to obtain Py f. In fact, since the solution of the stochastic differential
equation (2) is a Markov process then (iii) is a natural property of the Ornstein-Uhlenbeck
semigroup. >

Proposition 2.4 For all functions f € C*(R™) bounded with bounded derivatives then one
has

Vi € R, V20, DR () = LIP) (@) = PL)(x),
where for all smooth functions f, Lf = Af —x-Vf.

The linear operator L is known as the infinitesimal generator of the Ornstein-Uhlenbeck
semigroup.

Proof
< Let us give a sketch of the proof. Let f be a smooth function, then

2Ptf(gc) = / —etr + iy . Vf(e_t:v +v1- e—2ty)d7(y).
ot 1 _e¢ 2
By definition of the Ornstein-Uhlenbeck semigroup one gets
—ze "t /Vf (e_t:v +v1- e—2ty) dy(y) = —x - VP f(x)

whereas the second term, after an integration by parts gives

\/% /y Vf (eftff +VI1- 6*2ty) dy(y) = AP f (),



which finishes the proof.
Using the same computation one can prove the commutation property between Py and
the generator L. >

More generally, if L is an infinitesimal generator associated to a linear semigroup (P):>0
(not necessary a Markov semigroup) then the commutation LP; = P¢L holds.

Proposition 2.5 (Some properties of the O-U semigroup) The Ornstein-Uhlenbeck semi-
group is y-ergodic, that means for all f € Cp(R™),

Vr € R™, hm P.f(x /fah7 (3)

in L*(dv).
The probability measure v is then the unique invariant measure, for all smooth functions

f€Cy(R) :
/ P, fdy = / fdy, (4)

or equivalently for all smooth functions f,

/Lfdy:O.

In fact we have the fundamental identity,

[ousir = [ froar = [v5-vgan, (5)

for all smooth functions on R™. We say that the Gaussian distribution is reversible with
respect to the Ornstein-Uhlenbeck semigroup, L is symmetric in L?(dry).

Proof
< Let us give the proof of (5):

[ sLady = [ fagir- [ (oo
= / ~(f)- nga?—/faf Vygdy
- [v5-Voan.

where V - f stands for the divergence of f.
In fact (4) is clear due to the fact if a semigroup is ergodic for some probability measure
then the measure is always invariant. >

As we have seen in the proof of the proposition 2.4 the Ornstein-Uhlenbeck semigroup
satisfies the equality for all f and x:

Vt >0, VP f(x) = e "P Vf(x), (6)
where PtV f = (P¢0; f), <<, and for all norms [|-|| in R", one gets easily

0, [|[VPef ()| < e™ PV (x), (7)

those equations are known as the commutation property of the gradient and the semigroup.
In the next part we will use inequality (7) applied to the Euclidean norm.



2.1.1 The Poincaré and logarithmic Sobolev inequalities

Theorem 2.6 The following Poincaré inequality for the Gaussian measure holds, for all
smooth functions f on R",

var, (1) = [ 720~ ([ fdv>2 < [1vitar ®)

The term Var(f) is called the variance of f under the probability measure ~y. Moreover,
the inequality is optimal and extremal functions are given by smooth functions satisfying
Vf =C for some constant C € R".

Proof
< Let f be a smooth function on R™ then Pyf = f and by the ergodicity property gives

P f = [ fdv (see (3)). The Ornstein-Uhlenbeck semigroup gives a nice interpolation be-
tween f and [ fd~y.

Var,(f) = /+0° dt/ P.f) dvdt

+oo
2/ /|VPtf|2d7dt
+oo
/ / PV f)2drdt
+oo
< / /e—2fPt V| )dwdt
0+oo
= 2/ /e‘2t|Vf|2d7dt
0

IV f[2d,

where we use equality (7), Cauchy-Schwarz inequality and the invariance property of the
standard Gaussian distribution (4). ©>

Theorem 2.7 The following logarithmic Sobolev inequality for the Gaussian measure holds,
for all smooth and non-negative functions f on R™,

2
Ent,(f) ::/flogf;d7d7§ %/@dw. (9)

The term Ent,(f) is known as the entropy of f under the measure vy. Moreover, the in-
equality (9) is optimal and extremal functions are given by Vf = Cf for some constant

CeR".
Proof

<0 Let us mimic the proof of the Poincaré inequality, let f be a smooth and non-negative
function on R™.

+oo d
Ent.(f) :—/ E/PtflogPtfdydt
+oo
/ / LP; f log P, fdydt

+oo
/ / VP, f - Vlog P, fdvdt

VP, |
/ P, f drydt,

e (P|V£])?
72t t
——— dydt
/ / P f




where we have used the same argument as for Poincaré inequality. Now Cauchy-Schwarz

inequality implies
2 2
®II _p (1947
Py f f

or the convexity of the
(2,y) = a?/y
for z,y > 0, then one gets

+o0 2 2
Ent.(f) g/o /e—%Pt(%)dydt: %/@dy.

The logarithmic Sobolev inequality is often noted for the f2 instead of f, which gives for
all smooth functions f,

Bt () <2 [ V5P

At the light of the Theorems 2.6 and 2.7, we say that the standard Gaussian satisfies a
Poincaré and a logarithmic Sobolev inequality.

More generally a logarithmic Sobolev inequality always implies a Poincaré inequality by
using a Taylor expansion (see Chapter 1 of [ABC100]).

In proposition 2.5, we proved that the Ornstein-Uhlenbeck semigroup is ergodic with
respect to the Gaussian distribution. In fact one of the main application of the Poincaré and
the logarithmic Sobolev inequalities is to give an estimate of the speed of convergence in two
different spaces.

Theorem 2.8 The Poincaré inequality (8) is equivalent to the following inequality
Var, (P f) < e **Var, (f), (10)

for all smooth functions f.
And in the same way, the logarithmic Sobolev inequality (9) is equivalent to

Ent., (P, f) < e *Ent,(f), (11)

for all non-negative and smooth functions f.

Proof
<1 For the first assertion, an elementary computation gives that

d
7 Var, (P.f) = —2/|VPtf|2d7,

then the Poincaré inequality and Gronwall lemma gives (25). Conversely, the derivation at
time ¢ = 0 of (25) implies the Poincaré inequality.
For the second assertion, we use the same method and the derivation of the entropy,

VP, f|°

L ot (P f) = — b7

dr. 12
p 7y (12)

One of the main difference between the two inequalities is that the initial condition is
in L?(dvy) for the Poincaré inequality whereas the initial condition is in Llog L(dy) for the
logarithmic Sobolev inequality.



3 Poincaré and Logarithmic Sobolev inequalities under
curvature criterium

The main idea of this section is to obtain criteria for a probability measure i such that the
two inequalities (8) and (9) hold for the measure u. We will study a particular case of the
curvature-dimension criterium (or I's-criterium) introduced by D. Bakry and M. Emery in
[BES5]. This criterium gives conditions on an infinitesimal generator L such that all the
computations done for the Ornstein-Uhlenbeck semigroup could be applied to L.

Let a function 1 € C?>(R™), and define the infinitesimal generator:

Lf=Af=V¢-VFf, (13)

for all smooth functions f.

Assume that [ e ¥Ydx < 400 and define the probability measure duy(z) = efzd;d”” dzx,

where Zy = [ e~%dx. Tt is easy to see that the operator L satisfies for all smooth functions
f and g on R™,

[ fLadus = [ gsdn, =~ [ V5 adus, (14)

and f Lfduy = 0. We recover the same property as for the Ornstein-Uhlenbeck semigroup,
see (5). As for the Ornstein-Uhlenbeck semigroup, L is symmetric in L?(duy) and the
probability measure p,, is also invariant with respect to L.

Let define the Carré du champ, for all smooth functions f,

O, ) = 5 (L) 27L)), (15)

we note usually I'(f) instead of T'(f, f). The carré du champ is a quadratic form and the
bilinear form associated is given by

I'(f,9) = %(L(fg) — fLg — gLf).

If we iterate the process one gets the I's-operator, for all smooth functions f,
1
Pa(f, f) = 5 (L) — 20(f, L)), (16)

Definition 3.1 We say that the linear operator L, satisfies the I'y-criterium CD(p,+00)
with some p € R if for all smooth functions f

Lo (f) 2 pL'(f)- (17)

Remark 3.2 Since for all smooth functions f, Lf = Af — Vo - Vf, a straight forward
computation gives,
() =IV1T,
and
o(f) = [[Hess(f)||7; s + < Vf, Hess(4) VE >,

2
where the Hilbert-Schmidt norm is given by ||Hess(f)|\§{vs_ =2 (#{;jf) .

Then the linear operator L defined in (13) satisfies the T's-criterium CD(p,400) with
some p € R if for all x € R™
Hess(v)(x) > pld, (18)

in the sense of the symmetric matriz, i.e. for all Y € R™,
< Y, Hess(¢)(x)Y >> p|Y[?,

where < -, > is the Fuclidean scalar product.



Theorem 3.3 Let 1 € C*(R") and assume that there exists p > 0 such that the linear
operator (13) satisfies a I'y-criterium CD(p,400), then the probability measure iy satisfies
a Poincaré inequality

1
Var,, () < & [ V£, (19)
and a logarithmic Sobolev inequality
L[1vsP
Ent,(f) < —/—d”y, 20
(D<o [ 55 (20)

for all smooth and non-negative functions f.

Lemma 3.4 Let (Py)i>0 be the Markov semigroup associated to the infinitesimal generator
L. Assume that p > 0 then (Py)i>0 is py-ergodic that means for all smooth functions f

lim P f(z /fduw7
in f € L*(duy) and py almost surely.

Lemma 3.5 Let ¢ be a C? function, then for all smooth functions f,

Lo(f) = ¢/ (f)LS + ¢ (F)T(F) and Dllogt) = ZT(F), (21)
moreover one has
Fa(log £) = 75T2(f) = FT T + 7 () (22)

Proof of the Theorem 3.3
< First we will prove the first inequality (19). As for the Ornsten-Uhlenbeck semigroup,
one gets if (Py):>0 is the Markov semigroup associated to the infinitesimal generator L,

+oo
V. (P, d dt
arw / dt / tf Hopy

/0 / LP, fP, fdyu,,dt

Since ., is invariant,

[ 2PLR iy = [ (2PLe TP sy = 2 [ TP,

which gives
+oo
Var,,, (f) = /0 2 / T(Pyf)dy dt. (23)

Let now consider for all ¢ > 0,
o(t) =2 [ TP,
The time derivative of ® is equal to
'(t) = 4/P(Ptf, LP; f)dpy =
2 [ QP LPw) — L@ )iy = 1 [ Ta(Puf .



The T's-criterium implies that ®'(t) < —2p®(t) which gives ®(t) < e *2°®(0). The last
inequality with (23) implies

“+o0o
Var, (1)< [ e ma [a(pdug =5 [T

Let now prove the logarithmic Sobolev inequality for the measure jiy,. Let f be a non-negative
and smooth function on R",

+oo
Ent,,(f / /Ptf log Py fdjiydt

—+o0
/ / LP, f log Py fdp,dt

Since L is symmetric and by lemma 3.5 one gets

JtPcsionPean, = [ PutiogPesan, = - [ F5 D, — - [TosP)P s

which gives
—+oo
Ent,, (f) = / /I‘(log P; )P fdpydt. (24)
0

As for Poincaré inequality, let consider for all ¢ > 0,

o) = [ oL,

where Py f = g. The time derivative of ® is equal to

(1) / (2F(Lg,g) _ Lgl;(g))ﬂw _ / (2F(Lg,g) _ Lgl;(g) _ L(NQ)))M_

g g g g g

L<¥> —or (r(g), é) + éLF(g) + LG)F(Q%

by Lemma 3.5 one has

¥(t) = -2 [ Ta(logPefPufdn.

The I'y-criterium implies that ®(t) < —2p®(t) which gives ®(t) < e~2°!®(0). This inequality
with (24) implies that

“+o00
Ent,, (f) < /0 e 2t / T(log f) fpy = ;—p / T(log f) fdpy = ;—p / @duw

The meaning of this result is : if p, is more log-concave than the Gaussian distribution
then p1, satisfies both inequalities.

Remark 3.6 The I's-criterium is in fact a more general criterium. The definition of a
diffusion semigroup could be a Markov semigroup such that for all smooth functions @, the
equations (21) and (22) hold for the generator associated to the semigroup.
In fact that means that the infinitesimal generator L of the Markov semigroup s given
by,
Vo € R", Lf(x ZD” i f (@) =Y ai(x)dif(x),

i



where D(z) = (D;,;(x))i,; is a symmetric and non-negative matriz and a(z) = (a;(x)); is a
vector.

Then the conditions Ta(f) = pL'(f) for some p > 0 implies that there exists an invariant
measure |t of the semigroup and p satisfies the Poincaré and a logarithmic Sobolev inequality
with the same constant as before. One of the difficulties of this general case is to find tractable
conditions on functions D and a such that the I'y-criterium holds. Some others examples
can be found in [BG0I].

Let us also note that the Ty-criterium CD(p,00) is a particular case of the CD(p,n)
criterium where n € N* :

Ca(f) > pT(7) + = (L)%

for all smooth functions f. For example, the Ornstein-Uhlenbeck semigroup satisfies the
CD(1,00) criterium and the heat equation L = A satisfies the CD(0,n).

Theorem 3.7 As for the Ornstein-Uhlenbeck semigroup, the Poincaré inequality (19) is
equivalent to the following inequality

Var,, (P.f) < e+ Vary, (f), (25)

for all smooth functions f € L*(duy).
And in the same way, the logarithmic Sobolev inequality (20) is equivalent to

Ent#zp (Ptf) < 6_2tEntlt¢ (f) ) (26)
for all non-negative and smooth functions f € Llog L(dpy) (it means that Ent,,  (f) < +o0).

The logarithmic Sobolev inequality has two main applications. The first one the asymp-
totic behaviour in term of entropy, this is the result of Theorem 3.7. The second application
is about concentration inequality, a probability measure u satisfying a logarithmic Sobolev
inequality has the same tail as the Gaussian distribution.

This properties can also be found in the Talagrand inequality described in the next section.

4 The Logarithmic Sobolev and transportation inequal-
ities by transportation method

Let us see how the Brenier’s Theorem and the Wasserstein distance can be used in this
context. The method come from [OV00, CE02] and has been generalized for many inequalities
in [AGK04, CENV04, Naz06].

Let recall the Wasserstein distance between two probability measures p and v,

To(p,v) = (inf {/ |z — y2dn(z,y) ; € P(u, u)}> 1/2. (27)

where the infimum is running over all probability measure 7 on R™ x R™ with respective
marginals ¢ and v: for all functions g and h

[+ nwinte) = [ o+ [ nav

Let f be non-negative such that [ fdy = 1. Let V® be the Brenier map between fdy
and v: for all bounded and measurable functions h,

[ rwersar = [ har

and
W2(fdv, dv) = / V02 fdr,



where 0(z) = ®(z) — %|gc|2 Denoting by Id the identity matrix, we have Id + Hess(6) > 0.
The Monge-Ampére equation holding fdvy-a.e. is:

F(x)e 17172 = det(Id + Hess())e P+ VOI/2, (28)
After taking the logarithm, we have:
log f(z) = —%|$ + Vi(x)|]? + %|$|2 + log det(Id + Hess(9))
=—z-Vl(x)— l|V6‘(:1c)|2 + log det(Id + Hess(6))
< —z-Vl(z) — 5|v9(:z:)|2 + Af(z),

where we used log(1 4 t) <t whenever 1 + ¢ > 0. We integrate with respect to fd~ :

Ent, (/) g/f(AH—x-VG)dw—/%|V9(:c)|2fd7.

By integration by parts (14) we get:
But,(f) <~ [V0-Vidy~ [ 5IVo() s
1 VI[P, 1 / ik
—= VO+ —=|dv+ - d
1 Vf
< Z | 2S00
=5 / 7 dr,

Hence we have proved, using the Brenier’s map, the logarithmic Sobolev inequality for
the Gaussian measure.

IN

which is inequality (9).

Let us see what can be done if now V® be the Brenier map between dy and fdy that is
for all bounded and measurable functions h:

[ vrdr = [ nwaya,
and if x + VO(z) = V6 then
W3 (fdv.dn) = [ IVOPan.
In that case the Monge-Ampere equation gives
det(Id 4 Hess(9))f(x + V@(x))e_‘x+ve(x)‘2/2 = /2, (29)
Which implies
log f(z + VO(z)) = %|:17 + VO(z)]* — %|x|2 — log det(Id + Hess(6))

=z -Vl(zx) + l|V9(96)|2 — log det(Id + Hess(0))

>z Vo) + 5|v9(gc)|2 — AG(z)

= —LO+ %|V9(a:)|2.

Then
Ent, (f) =/f10gfd7

= /logf(V‘P)dv
> /—L9d7+/%|v9(x)|2d~y

1 1
= [ 5IV0@)[*dy = ST (fd. dy)

10



We prove that for all function f such that fdv is a probability measure, one has

To(fdry,dy) < \/2Ent.(f). (30)

This inequality is called Talagrand inequality for the Gaussian distribution (or Tz inequality)
and has been proved by Talagrand in [Tal96].

As for Poincaré and logarithmic Sobolev inequalities, we says that a probability measure
w satisfies a Talagrand inequality if there exists C' > 0 such that,

To(fdu,dp) < y/CEnt,(f), (31)

for all functions f such that fdu is a probability measure,

4.1 Remarks and extensions

This method can also be used is the context of the section 3. Assume that 1 is uniformly
convex, satisfying

Hess(¢) > pl,

with some p > 0. The mass transportation method implies that the measure

e Vdx
Ay (z) = 7 dx

satisfies the logarithmic Sobolev inequality (20) with the same constant 1/(2p). This is an
alternative proof of Theorem 3.3. Let us remark that the method is not useful to get directly
a Poincaré inequality.

Of course, as for Ornstein-Uhlenbeck semigroup, the mass transportation method gives
also a talagrand inequality (31).

To(fdpy, dpy) < 4/ %Entw ()

for all probability measure fdp,.
In fact we have the general result,

Theorem 4.1 (Otto-Villani 2000) Let p be a probability measure on R™ satisfying a log-
arithmic Sobolev inequality

But, (12) < € [ 94Fdn

for all smooth functions f and for some constant C' > 0.
Then p satisfies a Talagrand inequality

Ty(fdps, dp) < \/2CEnt,(f),

for all probability measure fdu.

The original proof comes from [OV00] and an easier one, using Hamilton-Jacobi equation,
can be seen in [BGLO1]. These two inequalities are quite similar but it has been proved
in [CGO06, Goz07] that they are not equivalent.

The main application of the Talagrand inequality is the same as for the logarithmic
Sobolev inequality, a probability measure satisfying a Talagrand inequality has the same tail
as the Gaussian distribution.

11
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