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These notes are concerned with conical-shaped travelling fronts for homogeneous reaction-

diffusion equations
uy = Au+ f(u) in RY.

Planar fronts are solutions of the type u(t,z) = ¢(x-e—ct), where the unit vector e is the direction
of propagation, and c is the speed. The aim here is to show the existence of other fronts, with
curved shapes, even in this homogeneous framework.

By considering the interaction of several planar fronts with different directions of propagation,
we will see here how these planar fronts can give rise to more complex fronts with curved shapes. We
will first be interested in conical-shaped fronts in combustion models or in Allen-Cahn equations.
Then, for Fisher-KPP equations, we will point out the unexpected richness of the set of fronts with
curved shapes.

In Section 1, we present a combustion model involving conical-shaped fronts. In Section 2,
we prove some useful comparison principles and monotonicity results in unbounded domains. In
Sections 3 to 6, we study the uniqueness, the qualitative properties, the existence, the stability of
conical-shaped fronts for reaction-diffusion equations with combustion-type or bistable nonlineari-
ties. Section 7 is concerned with more general curved fronts for KPP-type equations.

These notes are based on some works with A. Bonnet, R. Monneau, N. Nadirashvili and J.-
M. Roquejoffre, whom F.H. thanks for these collaborations.

1 An example of a conical-shaped front

A typical example of a conical front is the premixed Bunsen flame. A Bunsen flame can be divided
into two parts : a diffusion flame and a premixed flame (see Figure 1, and [16], [17], [34], [38], [39],
[50], [51], [55]). The premixed flame is itself divided into two zones : a fresh mixture (fuel and
oxidant) and, above, a hot zone made of the burnt gases. For the sake of simplicity, we assume
that a single global chemical reaction fuel + oxidant — products takes place in the mixture. The
level sets of the temperature have a conical shape with a curved tip and, far away from its axis of
symmetry, the flame is asymptotically almost planar. Let us assume that the flame is stabilized and
stationary in an upward flow with a uniform intensity c¢. This uniformity assumption is reasonable
at least far from the burner rim.

Because of the invariance of the shape of the flame with respect to the size of the Bunsen burner,
the problem will be set in the whole space

RY = {z = (z,y) e RN "1 x R}.
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Figure 1: Bunsen flames, premized flame

In the classical framework of the thermodiffusive model with unit Lewis number, the temperature
field u(x,y) satisfies the following reaction-diffusion equation :

Au—c?Z%—f(u) =0 (1.1)

and u is assumed to be normalized so that 0 < v < 1 in RY.
The nonlinear reaction term f(u) is of the “ignition temperature” type, namely f is assumed
to be Lipschitz-continuous in [0, 1], differentiable at 1, and

30 € (0,1), f=0on[0,0]U{l}, f>0on (A, 1)and f/(1) <O. (1.2)

Such a profile can be derived from the Arrhenius kinetics with a cut-off for low temperatures and
from the law of mass action. The real number 6 is the ignition temperature, below which no reaction
happens. For mathematical convenience, f is assumed to be extended by 0 outside the interval
[0, 1].

The temperature is low in the fresh mixture below the main reaction zone, and it is high above.
The main mathematical difficulty is to translate the conical shape of the flame into some conditions
on the function u. A reasonable solution is to impose conditions depending on the angle of the
flame. More precisely, if & > 0 denotes the angle of the flame (see Figure 1), asymptotic conical
conditions like

lim su w(z,y) =0 lim inf wlz.y) =1 13
A——00 ySA—|CCI|)Cota ( ay) " Ao y>A-|z| cot a ( 7y) ( )

can be imposed at infinity. Thus, the region where u is close to 0 corresponds to the fresh mixture
and it is far below the conical surface of aperture « in the vertical direction, while the region where
u is close to 1 corresponds to the burnt gases and is located far above this conical surface. In
practice, the speed c of the flow at the exit of the Bunsen burner is given and it determines the
angle « of the flame. We assume here that the angle « is given and the speed c¢ is unknown. We
shall see that these two formulations are equivalent.



It will turn out that these asymptotic conditions (1.3) are somehow too strong in dimensions
N > 3. Several weaker conical conditions will be introduced in the sequel.

Conical fronts also arise in other contexts. For instance, such fronts, which are also called
V-shaped fronts, arise in Allen-Cahn type equations (1.1) with a bistable nonlinearity. A bistable
nonlinearity f on [0, 1] is a Lipchitz-continuous function which is differentiable at 0 and 1, and such
that

30 € (0,1), f <0on (0,0), f>0o0n (0,1),f(0)=f(>0)=f(1)=0
and f/(0) <0, f(1) <0, f(6) >0.

The function f is then assumed to be differentiable at 6 as well. A typical example is the cubic
nonlinearity f(s) = s(1 —s)(s —0).

We will see in the course of the notes that some common properties will be valid for both the
combustion model of conical premixed flame and for the Allen-Chan model for V-shaped fronts,
and even for other models with more general nonlinearities f. We will present the results in a
unified way.

One points out that the solutions u(z,y) of (1.1) can also be viewed as travelling fronts of the

type

(1.4)

o(t,z,y) = u(z,y + ct)

moving downwards with speed ¢ in a quiescent medium. The function v solves the parabolic
reaction-diffusion equation
v = Av+ f(v) in RY. (1.5)

In dimension 1, problem (1.1), (1.3) reduces to the equation
' —cu' + f(u) =0, u(—o00) =0, u(+o0) = 1. (1.6)

We will use some basic facts about this problem. For instance, if f satisfies (1.2) or (1.4), then there
is a unique solution (cg,ugp) = (c¢(f),u(f)), which depends on f only. Furthermore, the function
uo = u(f) is increasing and unique up to translation, and the speed ¢y = ¢(f) has the sign of

1
/ f(s)ds ([2], [5], [9], [35]). These results can be obtained by a shooting method or a study in the
0

phase plane. The above existence, uniqueness and monotonicity results have been generalized by
Berestycki, Larrouturou, Lions [7] and Berestycki, Nirenberg [11] in the multidimensional case of a
straight infinite cylinder ¥ = w x R = {z = (z,y), * € w, y € R}, for equations of the type

Au—(c+B(x)0yu+ flu) = 0 inY¥=wxR
Ou = 0 on 0% (1.7)
u(r,—o0) = 0, wu(,+o0) = 1,

where [ is a given continuous function defined on the bounded and smooth section @ of the cylinder,
and 0, u denotes the partial derivative of u with respect to the outward unit normal v on 9%. Under
the above conditions, there exists a unique solution (¢, ) of (1.7), and the function u = u(z,y) is
increasing in y and unique up to translation in y. Variational formulas for the unique speed exist
in the one-dimensional case [25] and in the multidimensional case [26], [33].

Recently, generalizations of the above results have been obtained for pulsating fronts in periodic
domains and media with periodic coefficients by Berestycki and Hamel [4] and Xin [53], [54].

Let us now come back to problem (1.1) with conical conditions (1.3). Note that, although the
underlying flow is here uniform, the solutions are nevertheless non-planar, because of the conical
conditions, such as (1.3), which are imposed at infinity. Formal analyses had been done, especially



using asymptotic expansions in some singular limits. The mathematical difficulties come on the one
hand from the fact that the problem is set in the whole space RV and on the other hand from the
non-standard conical conditions at infinity. These conditions are rather weak and do not a priori
impose anything about the behavior of the function u in the directions making an angle o with
respect to the unit vector —exy = (0,---,0,—1).

We here want to establish some existence or uniqueness results for this problem by using PDE
methods. In the theory of Bunsen flames, one of the tasks is to establish a relationship between
the speed c of the outgoing flow and the angle o of the flame.

In Section 3, we first prove several qualititave properties for the solutions of (1.1) satisfying
some conical conditions at infinity, with combustion-type or bistable-type nonlinearities. Some of
the conditions will be weaker than (1.3). We especially prove the uniqueness of the speed, given
the angle «, the relationship between « and ¢, some monotonicity properties in cones of directions
and some uniqueness results under conditions (1.3). Most of these results rely on some versions of
the maximum principle which are established in Section 2. We then give some existence results in
the case of combustion or bistable nonlinearities and we discuss the stability of these conical fronts.
Lastly, Section 7 is concerned with the case of a KPP-type nonlinearity f. The set of conical fronts
turns out to be much richer than for combustion or bistable-type nonlinearities, and more general
curved fronts will be constructed.

2 Maximum principles for elliptic and parabolic problems on un-
bounded domains

In this section, we give some generalizations of the weak maximum principle for elliptic or time-
global parabolic equations in domains which are unbounded in the space variables. We then apply
these comparison principles to prove monotonicity results for solutions of elliptic or parabolic equa-
tions in cylindrical domains.

We will use some notations and assumptions throughout this section. Let €2 be an open con-
nected subset of RV. We define

Pu(t, z) := 0w — a;;(t, £)Oj5u — bi(t, x)0u — f(t,z,u)

under the usual summation convention for repeated indices, where the coefficients a;;, b; are of
class L N C%*(R x Q) (with a > 0) and there exists ¢y > 0 such that

aij(t, 2)&€; > col€)? for all € € RY and (t,2) € R x Q. (2.1)
ou

We denote dyu = %7; = u, O;u = Far = Uz, Oijju = % = Ug,;q,;- We assume that, for each M > 0,
7 et}
there exists Cps > 0 such that

\f(t,z,s) — f(t,z,s")| < Cuy|s—§'| forall (t,z) ERxQ and s, s € [-M, M]. (2.2)
These assumptions are made troughout this section.

Theorem 2.1 Let u(t,x) and u(t, x) be two bounded uniformly continuous functions defined in R x
Q, such that the partial derivatives Oyu, O, Oyu, O0;u, Oiju, O;u exist and are of class CO(R x Q).

Assume that

P Pu  inRxQ,

m on R x 09,
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and
lim sup u(t,z) —u(t,x) <O0.
teR, zeQ, dist(x,00)——+o00
Lastly, we assume that, for all (t,z) € R x Q, f(t,x,s) is nonincreasing in s for s € (—oo,supu).
Then
uw<7u in Rx Q.

Remark 2.2 In the case where all coefficients a;;, b;, f and the functions u, w do not depend on
t, Theorem 2.1 can then be viewed as a weak elliptic mazimum principle in the set Q C RV.

Proof. Denote

U =u—¢

for any ¢ > 0. Since both u and % are bounded, one has u, <% in R x Q for € > 0 large enough.
Let us set
e =inf{e >0, u. <win R x Q}.

We have u_ <u and our goal is to prove now that £* = 0.
Assume by contradiction that €* > 0. We can then find a sequence of positive numbers (gx)ken
such that e " £* and a sequence of points (¢, ) € R x Q such that

U, (tk, vx) = u(ty, zr) — e > u(ty, zx) for all k € N. (2.3)

Since lim Sup;egr; gist(z,00)—+o00 U(t; ) —U(t,z) < 0 and €* > 0, the sequence (dist(zy, 0Q2))ren is
bounded. Furthermore, since u <@ on R x 9 and u, @ are uniformly continuous, one has

liminf dist(xy,0Q) > 0.

k—-4o00

For each k, let y;. be a point on 02 such that
lyp — x| = dist(zy, 0N).

Up to extraction of some subsequence, one can then assume that yp — xr — y as k — +oo, with
ly| = R > 0. Call Bg the open ball of RY with centre 0 and radius R.
For each k, call

uF(t,x) = u(t + ty, x4+ 21), and (¢, 2) = a(t + tg, © + x3).
Since the functions u and @ are assumed to be uniformly continuous in R x €, of class C%® in t
and C*“ in z, in R x Q, it follows that, up to extraction of some subsequence,

v - Uand@* — U in R x Bg as k — 400, locally uniformly,

and in C’lloC in t and 0120(: in z. Furthermore, U and U are still uniformly continuous in R x Bg
and can then be extended by continuity on R x dBg. By uniform continuity of v and @, and since

u < 7w on R x 9€, one then gets that
U(t,y) <U(t,y) forall t € R. (2.4)

Furthermore,
U—¢*<UinR x Bg,



and passing to the limit in (2.3) yields U(0,0) — &* > U(0,0). Thus,

U(0,0) —e* =U(0,0).
On the other hand, up to extraction of some subsequence, the functions afj(t,x) = a;;(t +
ti, x + xx) and bf(t, x) = b;(t+tg, x + xp) converge locally uniformly in R x Bp to some continuous

functions A;; and B; such that A;;(t,z)&&; > col¢|? for all € € RY and (t,2) € R x Bg.
Lastly, one has

ok — a?jaijﬁk — b?(‘?ﬂk — f(t +tp,x+xp,T") > Ot — afj@ijyk — bf@iyk
—f(t+ tg, @ + g, UF)
> Op(uF — %) — af’j@ij(gk — ) — bFO;(uF — &%)
—f(t+tp, x4+ zp, ub — )

because Pu > Pu and f(t,x,s) is nonincreasing in s € (—oo,supu] for all (t,z) € R x Q. But since
u and @ are globally bounded and f is locally Lipschitz-continuous in s uniformly in (¢,z), there
exists then a constant C' > 0 such that

8tzk - afj@ijzk - bf&zk + CZk Z O,

where

k

z :Hk

—uF 4
By passing to the limit as £k — 400 locally uniformly in R x Bp, it follows that
Oz — A,-jaijz — B;0;z+ Cz>0 in R x Bp,

where z = U — U +¢*. But z is continuous and nonnegative in R x Bg and 2(0,0) = 0. The strong
maximum principle then implies that z(t,z) = 0, namely U(t,z) = U(t,x) — ¢* for all t < 0 and
x € Bg. One gets a contradiction with (2.4) by choosing z = y (€ 9Bg).

Therefore, €* = 0 and the proof of Theorem 2.1 is complete. O

The next result is a variation of Theorem 2.1, for equations with Neumann type boundary
conditions on parts of semi-infinite cylinders.

Theorem 2.3 Assume here that € is a semi-infinite cylindrical domain
Q=wx(0,4+0) ={z=(2",2n), 2’ = (21,...,28_1) Ew, zy > 0},

where w is a bounded open connected subset of RN71, of class C*, with outward unit normal denoted
by v.

Let u(t,z) = u(t, o', zy) and u(t,x) = u(t,2’,xn) be two bounded uniformly continuous func-
tions defined in R x Q = R x @ x [0, +00), such that the partial derivatives Oyu, 0y, dyu, O;u, Oiju,
diju exist and are of class CO%(R x Q). Assume that

Pu<Pu inR xQ,
u(t,x’,0) <u(t,z’,0) for all (t,2') € R x W,
and

: / — /
lim sup u(t, ', zy) —u(t,x’,xn) <O0.
teR, z'€w, rny—+00



Assume also that
w(@') - Veu(t, o' xn) < p(z’) - Veu(t, o', xy) for all (t,2',25) € R x dw x (0, +00),

where 2’ +— pu(z') € RN=! is a continuous unit vector field defined in Ow such that p(z') - v(z') > 0
on Ow. Lastly, we assume that, for all (t,2',zy) € R xw x [0,+00), f(t,2',xN, ) is nonincreasing
in s for s € (—oo,supu.
Then
u(t, 2, xn) <ut,z’,zn) for all (t,2',zn) € R x @ x [0, +00).

Proof. We argue as in Theorem 2.1 : we define ¢*, assume €* > 0 and define (ey), (t, x), xn k) as
in Theorem 2.1, namely

g, (tg, 2p, N k) = w(ly, Th, TN k) — €k > U(t, 2}, N k) for all k e N (2.5)

Since HmMSUPyer 4em, oy—too Ut 2, oN) = T(t, o', 2n) < 0, since u(t,2’,0) < u(t,2’,0) for all
(t,2") € R x W, and since u and @ are uniformly continuous, it follows that the sequence (zn k)ken
is bounded from above and below by two positive constant. Up to extraction of some subsequence,
one can then assume that

(T4 TN k) = Too = (g, TN 0o) € W X (0, 400) as k — +o0.
Up to extraction of some subsequence, the functions
@k(t, v xn) = u(t +tg, 7', rn) and Uk(t,:r’,xN) =u(t +t, 2, zN)

converge locally uniformly in Rx Q, as well as in C} . in t and C? . in z = (2/, zn), to two uniformly

continuous functions U and U defined in R x €2, such that
U—-e*<UinR xQ,
U(t,2',0) <U(t,2',0) for all (t,2") € R x w,
and U (0,2, TN00) — €* > U(0, 2, 2N ). Thus,
U, z., INoo) — € = U(0, x’oo,a:N,oo).

Furthermore, u(z') - Vo U(t, 2, 2n) < p(2') - Vo U(t,2',zy) for all (¢, 2", 2x5) € R x dw x (0, +00).
Lastly, as in the proof of Theorem 2.1, there exists a constant C' such that

Oz — Ajj0ijz — Bi0iz+Cz >0 in R x w x (0,400)

where z = U —U+¢*. The functions A;;, B; are the uniformly local limits in R xQ (up to extraction
of some subsequence) of a;;(t + tg, ) and b;(t + tg, z). The function z is nonnegative in R x €, it
vanishes at (0, 2., TN o), With 2n oo > 0. The strong maximum priniciple then implies that either
z>0in R xwx (0,+00), or z =0 in (—o0,tg] x @ X [0,400) for some ¢y € R. The latter case
is impossible because z(t,z’,0) > &* > 0 for all (¢,2) € R x @. Therefore, only the first case may
occur, and then 2/, € dw. But p(al,) - Vurz(0, 25, tN00) > 0. The Hopf lemma yields then that

2(t, o', xy) =0 for all (¢,2',2x) € (—00,0] x @ x [0, +00).

This is again ruled out because of the conditions on R x @ x {0}.
One has then reached a contradiction. Therefore, ¢* = 0 and the proof of Theorem 2.3 is com-
plete. ([

The following theorem is a comparison principle, up to translation, between sub- and super-
solutions defined in infinite cylindrical domains.



Theorem 2.4 Assume here that € is an infinite cylindrical domain
QO={x=(2,zn), 2 = (x1,...,28_1) Ew, TN € R},

where w is either RN™1 or a bounded open connected subset of RN71, of class C' with outward
unit normal v. Assume that all coefficients a;j, b; and f do not depend on the variable xn. Let
¢: w— R be a continuous function.

Let u(t,z) = u(t,2’,xn) and u(t,x) = u(t,2’,zn) be two bounded uniformly continuous func-
tions defined in R x @ =R x @ x R, such that the partial derivatives dyu, Ou, Oyu, O;u, O;ju, diju
exist and are of class CO*(R x Q). Assume that

Pu<Pu inR xQ,

lim sup ut, o, zy) —ut, 2, zy) <0 (2.6)
teR, z'€w, |zn—¢(z')|—+oo0

and there exist a < b € R such that

lim sup lu(t, 2’ zn) —al =0
teR, z'cw, xn—p(z’)——o0 (2 7)
lim sup [u(t, ', xn) — b =0. '

teR, z'c€w, xn—p(z’)—+o0
If w is bounded, one also assumes that
w(@') - Veult, o' on) < p(a') - Veu(t, o', xn) for all (t,2',zy) € R x dw x R,

where 2’ +— p(z') € RN=! is a continuous unit vector field defined in Ow such that p(z') - v(z') > 0
on Ow. Lastly, one assumes the existence of 6 > 0 such that, for all (t,2') € R x @, f(t,2,s) is
nonincreasing in s for all s € (—oo,a + 9], and for all s € [b— 0, +00).

Then the set

I={reR, Vs>, u(t,a’,zy +5) > u(t,2',xn) for all (t,2',zy) in R x @ x R}
is not empty. Furthermore, if 7™ :=inf I > —o0, then

VyeR inf a(ta,¢() 7 +y) - ulta,66) +y) = 0. 28)

€R, z'cw

Proof. Throughout the proof, we will use the notations

QT (y) = {(@,zn) €Q, oy >y+ o), 2/ € w}
Q (y) = {(@,zn) €, zny <y+ (), 2’ € w}
L(y) = {(@,on)€Q an =y +d(z'), 2’ €w}

and w¥(t,2',zn) = w(t,2’,xy +y) for any function w defined in R x Q and for any y € R.
Under the assumptions of Theorem 2.4, there exists A > 0 such that

EZb—%in]RxQ*(A)

and

u<a+6in R x Q= (—A).



Even if it means decreasing J, one can assume without loss of generality that § < (b—a)/2.
Consider first the case where w = RV~1. Choose any y > 2A4. One especially has that

u<u’in RxT(-A).

It is then straightforward to check that all assumptions of Theorem 2.1 are satisfied with the domain
Q7 (—A) and the functions u and @Y : notice indeed that Pu¥ = Pu because of the invariance of
the coefficients a;j, b; and f with respect to the variable xy, and that

lim sup u(t,z) —uY(t,z) < 0
teR, zeQ~(—A), dist(z,00— (—A))—+oco

because of (2.6) and (2.7). Therefore,
u<u¥ in R x Q= (—A4).

Similarly, Theorem 2.1 can be applied to the domain Q7 (—A), with the functions U = —u¥, U = —u

and the nonlinearity g(t,2’,s) = —f(t, 2/, —s). Indeed, notice that U < —b+ 4§ in R x Q+(—A) and

g is nonincreasing in s for s € (—oo, —b + §]. Therefore, U < U in R x Q+(—A), namely

u<w¥ in R x Q+(—A4).
To sum up,
u<wW inRxQ=RxRY forall y > 24.

Thus, I # () and 7% = inf [ < 2A.
Assume now that 7% > —oc. Then, u <" in R x RV, Tt only remains to prove (2.8). Let us
first show that

inf o (2 xn) —ult, 2, zy) = 0. 2.9
teR, /RN -1, _A<zy—¢(a')<A—T* (7 ’ N) 7(, 5 N) ( )

Assume not. Since the functions u and @ are uniformly continuous, there exists then 1y > 0 such
that

a2 wy) > u(t, o xy) forall (ta') ERx RV —A<ay—o(@)<A-71"  (2.10)

and for all n € [0,70]. Since @™ > b—§/2 in R x QT (A — 7*), one can also assume that 7y is small
enough so that @™ ~" > b—§ in Rx QT (A — 7*) for all € [0,7]. As in the first step of the proof of
this theorem, one can then apply Theorem 2.1 to Q7 (—A) and Q7 (A — 7*). Together with (2.10),
one finally gets that

7" " >win R x RY for all 5 € [0, n].

That contradicts the minimality of 7%, and eventually the claim (2.9) is proved.
Because of (2.9), there exists then a sequence of points (i, z),zn ) such that

u (tk,$2,$N7k) —g(tk,:z:ﬁc,:nN,k) — 0 as k — +oo,
with —A < zn — ¢(z},) < A— 7" Up to extraction of some subsequence, the functions

zk(t,x',xN) = HT*(t +tg, 2+ x), N + TN ) — u(t+ tr, @ + x), TN + TN k)



converge locally uniformly in R x RY, and in Clloc in ¢t and C’foc in x, to a nonnegative function z
such that z(0,0,0) = 0 and

6152 — Az'j(t, x')&ijz — Bi(t,x’)&;z —Cz Z 0 inR x RN,

where C is a constant, A;;, B; are bounded, and A;;(t,2')&&; > col€|? for all € € RY and (t,2') €
R xRN~!, The maximum principle then implies that z(¢, 2, zx) = 0 for all t < 0 and (2, zy) € RV,
Up to extraction of some subsequence, one can also assume that

zNg — d(xy) — 1 € Ras k — +oo.
Now, if y is any real number, one has that
Uty §(),) + 7+ y) — ulty, @), $(a) +y) = 28(0,0,y + ¢(a}) — 2n k) — 2(0,0,y +1) =0

as k — +o0o. That completes the proof of Theorem 2.4 in the case where w = RV~
Consider now the case where w is bounded. The continuous function ¢ is then bounded in @.
Therefore, there exists A > 0 such that

4]
ﬂzb—§inRxwx[A,+oo)
and
u<a+6in Rxwx (—oo,—A].

One can assume without loss of generality that 6 < (b —a)/2. Choose any y > 2A. One especially
has that u < @¥ in R x w x {—A}. It is then straightforward to check that all assumptions of
Theorem 2.3 are satisfied with the functions U = —w¥~4 and U = —u~* and with the nonlinearity
g(t,a',s) = —f(t, o', —s). Therefore,

U

IN

Uin R xw x [0, 4+00),

that is
u<u inRx®x[-A,+00).

Similarly, Theorem 2.3 can be applied with the functions U(t,2',xn) = ult,2',—axny — A),

Ut,2',zn) = u¥(t,a’,—xy — A), up to a change of sign in the coefficients a;y for i # N and
by. As a consequence, u < u¥ in R X @ x (—oo, —A]. To sum up,

<wWinRxQ=RxwxR for all y > 2A.

Thus, I # () and 7% = inf I < 2A.
Assume now that 7% > —oo. Then, v < %" in R x @ x R. It only remains to prove (2.8). Let
us first show that

inf o (t, 2, —u(t, 2, = 0. 2.11
teR, x’'cw, l—nAnggA—r* v ( . xN) y( v xN) ( )

Assume not. Since the functions u and @ are uniformly continuous, there exists then ng > 0 such
that

u (el an) 2 u(t @ y) forall (fa') ERxw, —A<ay < A—7"and € [0,0] (2.12)
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Since ™ >b—6/2in R x @ x [A — 7%, 4+00), one can also assume that 7 is small enough so that
TN >b—6inRxwx [A—7%+00) for all n € [0,79]. As above, one can then apply Theorem
2.3 twice and conclude that

a" Tt 2 xn) > ut, o, xy) for all (t,2') € R x @, xy € (—oo0, —A] U[A — 7%, +00)

and for all € [0,70]. Together with (2.12), one finally gets that @™ ~7 > u in R x @ x R for all
n € [0,70]. That contradicts the minimality of 7%, and eventually the claim (2.11) is proved.
Because of (2.11), there exists then a sequence of points (t, ), zn ) such that

HT* (tk;azz:amN,k) _ﬂ(tkam§ml’N,k) —0 ask — +00,

with —A < zy < A—7*. Since W is compact, one can then assume that (z},zn %) — (25, TN,00) €
w x [—A, A—7*]. Up to extraction of another subsequence, one can also assume that the functions

zk(t,m/,xN) =u (t+tg, 2" on) —ult+tr, 2, zN)

converge locally uniformly in R x @ x R, and in C’l1OC in t and C’IQOc in x, to a nonnegative function
z such that z(0, 2., N 00) = 0 and

Oz — Aij(t,2")0;j2 — Bi(t,2")0;2 — Cz >0 in R x w x R,

where C is a constant, A;;, B; are bounded, and A;;(t,2')&&; > col¢|? for all € € RY and (t,2') €
R x RN~ Furthermore, u(2') - Vyz(t,2',xx) > 0 for all (t,2/,2x) € R x dw x R. The maximum
principle and Hopf lemma then imply that z(¢,2/,xy) = 0 for all t < 0 and (2/,zy) € w x R. Up
to extraction of some subsequence, one can also assume that ¢(z}) — L € R as k — +oo.

Now, if y is any real number, one has that

te, o, 9(2k) +7° +y) — ulte, f, dla) +y) = 20,2, ¢la}) +y) — (0,20, L+y) =0

as k — +o0o. The proof of Theorem 2.4 is now complete. U
Remark 2.5 Notice that Theorem 2.4 does not work in general if a = —oo and b = 4o00. For
instance, consider the ellptic equation u” = 0 in R with u(—oc0) = —o0, u(+00) = +o00 and take

u(z) = x and u(x) = 2z. In the whole real line R, it is clear that one cannot compare any translate
of u to u.

A consequence of Theorem 2.4 is the monotonicity result:

Theorem 2.6 Under all assumptions of Theorem 2.4, if u = u =u solves Pu =0 in R x Q, then
a <u(t,z) <b forall (t,x) € R xw and u is increasing in x.

Proof. We will actually only prove that v is increasing in x. That clearly implies that a < u < b
in R x Q.
Set uw = u = u. By Theorem 2.4, the set
I={r€0,+00), Vs > 7, u* >uin R x Q}

is not empty. Set 7" = inf I and suppose that 7* > 0. As a consequence, formula (2.8) is valid.
Choose y = 0 in this formula. There exists then a sequence (¢, x}) € R x @ such that

u” (tg, o, ¢(ah)) — u(ty, zh, ¢(x})) — 0 as k — +oo.
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Consider first the case where w = RN~ As in the proof of Theorem 2.4, the functions
up(t, o', an) = ult + ty, o' + x, 2y + ¢(a},))

converge, up to extraction of some subsequence, locally uniformly in R x R, and in C’lloC in ¢t and
C’l20c in z, to a function U. Because of the uniformity of the limits in (2.7), it follows that the

function U is such that
U(0,0,zn) — b (resp. — a) as xy — +00 (resp. as ry — —00). (2.13)
On the other hand, the functions

be =+ b2 2w+ () 7 = ult + b2+ 2 + 9(2)
= u;;* (t’ $,, :EN) - Uk(t,l'/,l’]v)

converge to V = U™ — U and the function V is nonnegative, vanishes at (0,0,0), and it satisfies a
parabolic equation of the type

8tV — Aij(t, x’)@ijV — Bl‘(t, ZL‘/)an — C(t, l’l, I‘N)V =0 inR x RN,
where C' is a bounded function. From the strong maximum principle, one concludes that
V(t,2',zy) =0 for all t <0 and (2, zx) € RY.

In particular, U(0,0,zx + 7*) = U(0,0,2y) for all zy € R. The positivity of 7* and of b — a then
contradicts (2.13). As a consequence, 7% = 0. Therefore,

u(t, 2’ xy +s) > u(t,z',zy) for all (t,2',zy5) € R x RY and s > 0.

The same arguments as before also imply that the inequality is strict everywhere in R x R for all
s> 0.

The case where w is bounded can be treated with the same type of arguments. The proof is left
to the reader. g

3 Conical-shaped fronts: monotonicity, uniqueness and further
qualitative properties

In this section, we prove various monotonicity, uniqueness and other qualitative results for the
solutions u of equations of the type (1.1) under various conical conditions or more general conditions
at infinity. We shall apply the general comparison principles proved in Section 2.

Throughout this section, the function f is always assumed to be Lipschitz-continuous in R and
f(0) = f(1) = 0. We will chiefly be concerned here with nonlinearities of the type (1.2) or (1.4),
but some of the results hold for more general nonlinearities f which are nonincreasing in some
neighbourhoods of 0 and 1.

Most of the results below are borrowed from [F. Hamel and R. Monneau, Solutions of semilinear
elliptic equations in RY with conical-shaped level sets, Comm. Part. Diff. Equations 25 (2000), pp.
769-819] and [F. Hamel, R. Monneau and J.-M. Roquejofire, Existence and qualitative properties
of multidimensional conical bistable fronts, Disc. Cont. Dyn. Systems (2005), to appear].

12



3.1 Monotonicity in cones of directions, properties of the level sets

We here list some properties satisfied by the solutions u of (1.1) and such that

limsup |u(z,y)—1] = 0,
y—o(z)—+00
limsup |u(z,y)| =0
y—o(z)——o0

for some (globally) Lipschitz function ¢ : RN¥~! — R. The above limits mean that u converges to
1 (resp. 0) as y — ¢(x) — +oo (resp. as y — ¢(x) — —oc) uniformly in 2 € RN~ We will see that
the function w is then monotone in some cones of directions around the vertical axis, and that the
level sets of u will all have the same Lipschitz norm.

Before that, let us prove a few basic lemmas.

Lemma 3.1 Assume that f is positive in (—o0,0) and negative in (1,400). Let u be a bounded
solution of (1.1). Then 0 < u <1 in RV,

Proof. Let M = supgn~ u. Let (25, y,) be a sequence in RY such that u(z,,y,) — M as n — +oc.
Call

Up to extraction of some subsequence, the functions w,, converge in CZQOC(RN ) to a classical solution
Uoo Of (1.1), namely
Ause — cOytio + f(Uoo) = 0 in RV,

and ux(0,0) = M = maxpn us,. Therefore, f(M) > 0. Since f is negative in (1,4+00), one gets
that M < 1. Similarly, one can easily prove that m := infpnx u > 0. g

Lemma 3.2 Assume that f is negative in (0,01) and positive in (02,1), for some 0 < 0; < 6y < 1.
Let 0 <u <1 be a solution of (1.1) such that

liminf wu(z,y) > 602, limsup wu(z,y) < 61, (3.1)
y—¢(z)—+o0 y—¢(x)—>—o0

for some Lipschitz function ¢ : RN"1 = R. Then 0 <u <1 in RN and

liminf wu(z,y) =1, limsup wu(z,y) =0. (3.2)
y=g(@)—+oo y—d(a)——o0

Proof. Since f(0) = f(1) =0, 0 <u < 1in RY and u is not identically equal to 0 or 1 because of
(3.1), the strong maximum principle then yields 0 < u < 1 in RY. Assume now that there exists
e > 0 and a sequence (z,,y,) € R¥~! x R such that

Yn — O(xn) — +o0 and u(xn,y,) < 1 —e.

Up to extraction of some subsequence, the functions wu,(x,y) = u(x + x,,y + y,) converge in
C2 (RY) to a solution us of (1.1) such that u(0,0) < 1 —e. On the other hand, the assumption
(3.1) and the fact that y,, — ¢(x,) — +oo imply that

Moo := Inf Use > 0o,
RN
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whence 0y < mo <1 —¢ < 1. Let (z],,y),) be a sequence such that us(2},,y),) — Meo. Up to
extraction of some subsequence, the functions v, (z,y) = uo(x + 2,y + y/,) converge in CZ_(RY)
to a solution vs, of (1.1) such that ms = v5(0,0) = mingny veo. Therefore, f(mo) < 0, which

contradicts the positivity of f on (f2,1). Thus,

liminf w(x,y) = 1.
y—(x)—o0 (=.9)

The uniform limit of u to 0 as y — ¢(x) — —oo can be proved the same way. O

The preceding lemmas provide sufficient conditions for the function u to converge to 0 and
1 uniformly as y — ¢(z) — —oo and +oo respectively. For instance, if f a cubic nonlinearity
f(s) =s(1l —s)(s—0) with 0 < # < 1 and if u is bounded solution of (1.1) satisfying (3.1) with
01 =02 =0, then 0 < u < 1 in RY and (3.2) holds.

In the following theorem, which is one of the main results in this section, we deal with solutions
u of (1.1) satisfying (3.2) for some Lipschitz function ¢.

Theorem 3.3 Assume that f is of class C1([0,1]), and that f is nonincreasing in [0,8] and in
[1 —4,1], for some § > 0. Let 0 < u <1 be a solution of (1.1) satisfying (3.2) for some Lipschitz
function ¢.

Then, for each X € (0,1), the level set {(x,y) € RVN"! x R, u(z,y) = A} is a Lipschitz graph
{y = ér(z), z € RN71} and u satisfies

liminf w(z,y) =1, limsup wu(z,y)=0. (3.3)
y=9a(@)—+oo y—ox(2)——c0

Furthermore, all functions ¢ have the same Lipschitz norm ||¢x| Lip = cot o with o € (0,7/2], and
oallLip < |@llLip- Lastly, the function u is decreasing in any unit direction T = (7, 7,) € RV xR
such that T, < —cos o, and

VA € (0,1), inf uy(z, pr(x)) > 0. (3.4)

zERN—

Proof. Write ||¢||rip = cotag, where oy € (0,7/2]. Choose any unit direction 7 = (75, 7,) €
RN=1 x R such that Ty < —cos g and call

(X,Y) = (1yx — Ty, —To - & — 1y) € RV xR,
The function v(X,Y") = u(z,y) is such that 0 < v <1 and

liminf »(X,Y) =1, limsup v(X,Y)=0
Y —tp(X)—+o0 Y —h(X)——o0

for some globally Lipschitz function ¢ (because cot « is the Lipschitz norm of ¢, and 7, < — cos ay).
Theorem 2.6 in Section 2 then implies that v is increasing in the variable Y, namely w is decreasing
in the direction 7.

Choosing 7 = (0, —1) means that u is increasing in the variable y. Therefore, because of (3.2),
for each A € (0,1), the level set {(z,y) € R¥N"! x R, u(z,y) = A} is the graph

{y=0ox(2), 2 eRY}
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of a globally Lipschitz function ¢), whose Lipschitz norm is such that

oAl zip < 10| ip-

In other words, ||¢x||Lip = cot ay with ay € [ag, 7/2].

Let A € (0,1) be fixed. Because of (3.2), the quantity sup,crn-1 |¢(z) — ¢a(2)| is finite, and
the function u then satisfies the limits (3.3). The same arguments as above then imply that the
function u is decreasing in any unit direction 7 = (7, 7,) € RV~! x R such that 7, < — cosa,.
It especially follows that the Lipschitz norm cot ays of the graph {y = ¢y (z)} of any level set
{u(z,y) = N} is such that cotay < cotay. Since A was arbitrary in (0, 1), one concludes that
|oall Lip = cot ay does not depend on A. In other words, o := a\ does not depend on .

Notice that, by continuity, u is nonincreasing in any unit direction 7 = (7;,7,) € RV"! x R
such that 7, < —cosa.

In particular, since the nonnegative function v = u,, satisfies Av — cv, + f'(u)v = 0 in RN and
v # 0, the strong maximum principle yields u, > 0 in RN,

Let us now prove (3.4). Assume by contradiction that there exist A € (0,1) and a sequence
(zn) € RNV=1 such that w,(x,, dr(7,)) — 0 as n — +oo. Let

un(®,y) = tn (€ + Tn, y + da(2n)) and ¢n(2) = PA(x + 20) — da(2n)

(notice that the functions ¢,, are uniformly Lipschitz continuous). Up to extraction of some sub-
sequence, the functions u, (resp. ¢,) converge in C’fOC(RN ) (resp. locally uniformly in RN=1) to
a function us (resp. ¢oo) such that us solves (1.1) and (3.2) with ¢ instead of ¢ (because of
the limits (3.3) for u). The same arguments as above then imply that Oyus, > 0 in RY. But
Oytios(0,0) = 0. One has then reached a contradiction. Therefore, (3.4) follows. O

Remark 3.4 Under the assumptions of Theorem 3.3, if N = 2 and if the function ¢ is of class
Cl and tan 8 < ¢'(z) < tanvy for all z € R, with —7/2 < 3 < v < 7/2, then u is decreasing in
any direction (cos ,sin ) such that v — 7 < ¢ < (8. The proof of this fact uses the same type of
arguments as in the beginning of the proof of Theorem 3.3.

The following proposition provides some lower and upper exponential bounds below and above
any level curve, under the condition of strict stability of the zeroes 0 and 1.

Proposition 3.5 Under the assumptions of Theorem 3.3, if one further assumes that f'(0) < 0,
then, for each A € (0,1), there exist 0 < 3 < 7 such that

A WmAE) < (g, y) < A PV

for all (z,y) € RN~ x R such that y < ¢x(x). Furthermore, v can be chosen independently of .
Similarly, if f'(1) <0, then, for each X € (0,1), there exist 0 < 3’ <~ such that

(1= Ne V@86 <1 y(z,y) < (1 - N)e P @-02@)
for all (z,y) € RN=1 x R such that y > ¢x(x). Furthermore, ' can be chosen independently of .

Proof. Let us first observe that, since u is (at least) of class C?(RY) and u, > 0, it follows from
the implicit function theorem that ¢ is of class C? as well. A straightforward calculation leads to

Oz;U + Oz, X () Oyt + O A (7) Oyt + O 2 (1) Oz ngA(x)Bgu

Uy

azizj Qﬁ)\(l‘) = -
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for all z € RV"1 and 1 < i,j < N — 1, where the function u and its derivatives are taken at
(x,¢x(x)). On the other hand, the function u is globally bounded in C? from standard elliptic
estimates. Therefore, since V¢, is bounded (by cot «) and inf, cgn-1 uy(x, pr(x)) > 0, it follows
that D?¢, is bounded as well.

Let us now turn to the proof of the exponential behavior far away from a given level set. First
of all, it follows from standard elliptic estimates and Harnack inequality that |Vu|/u is globally
bounded in RY. Call

v = sup Ly(x’y).
(z,y)eRN u(z,y)

The real number v is positive since u, > 0 in RN . It immediately follows that
VA€ (0, 1), Vy S (Zﬁ)\(x)’ u(x7y) Z A e’Y(Z/*d’/\(x)).

Let n € (0,1) be fixed small enough so that f(s) < f’(0)s/2 for all s € [0,1]. One can assume that
n < 0, so that f is nonincreasing in (—oo,n) (even if it means extending f by f(s) = f'(0)s for
5 < 0). The function (z,y) = n ?¥=#(*) satisfies

_ _ "0)\ = .
A=, + () < (54 PIVG, @) - 580,(0) e+ T ) w <0 i {y < oy(o)
for 8 > 0 small enough (remember that V¢, and A¢, are bounded). Let 3 > 0 be as such. It then
follows from Theorem 2.1 in Section 2 that

w(z,y) <u(z,y) =n Y@ for all (x,y) € RV™! x R such that y < bn(z). (3.5)
Let now A be any number in (0,1). One claims that there exists 5y > 0 such that
u(z,y) < A eN=—on@) (3.6)

for all (z,y) such that y < ¢,(x). Otherwise, there is a sequence of points (z,y,) such that

Yn g ¢)\(:L'n) and
u(xnvyn) > A 6(yn*¢>>\(xn))/n.

Up to extraction of some subsequence, three cases may occur:

Case 1: yn — ¢r(z,) — —00. As already underlined, sup,cpn-1 [¢x(x) — ¢p(x)| < 400 and one
then gets a contradiction with (3.5).

Case 2: yp — ¢r(xy) — h < 0. Then liminf,, 4 u(zn,yn) > A. On the other hand, since
infcpn—1 uy(z, dr()) > 0, uy > 0 and uy, is bounded in RY, it follows from assumption that
lim sup,, 4 o0 (Tn, yn) < A. Therefore, Case 2 is ruled out too.

Case 3: yp — dx(xn) — 0 as n — +oo. One gets a contradiction by using the same arguments
as in Case 2.

As a consequence, the claim (3.6) is proved. The proof of the exponential lower and upper
bound of 1 — u above a given level set is similar and it is left to the reader. O

The following theorem states the same monotonicity properties as Theorem 3.3 when f is of

the bistable type (1.4), under some assumptions which are of different nature from (3.1) or (3.2).
This result will then be used in Section 4 to get the existence of bistable conical fronts.
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1
Theorem 3.6 Assume that f € C1([0,1]) is of the bistable type (1.4), that / f >0, and f is
0

extended in R so that f > 0 in (—00,0) and f <0 in (1,400). Let u be a nonzero bounded solution
of (1.1) with ¢ > 0, and such that

inf u<6, u,>0inRY, u(r,y)=1iz|,y), and Oyt > 0 in RY. (3.7)
Then 0 < u <1 in RN and u satisfies all conclusions of Theorem 3.3 and Proposition 3.5.

Proof. First, since f is positive in (—o00,0) and negative in (1,+0c0), one can prove as in Lemma
3.1 that
0<infu<supu<1.
RN RN
We then claim that
supu > 0.

Assume not. Then v < 6 in RV and the strong elliptic maximum principle yields that © < 6 in RY,
because f(#) =0 and infu < 6. Let ¢ and A\r be the principal eigenfunction and eigenvalue of

—Apr = Agpr in Bp
or > 0 in Bp
wr = 0 on JBp,

where Br C RY is the open euclidean ball with centre 0 and radius R > 0. Let R > 0 be chosen
large enough so that A\g < f’(0)/2 (this is possible since f'(#) > 0 and A\g — 0 as R — +00).
Choose now 1 > 0 small enough so that

u <60 —nyrin By and f(0 —npRr) < —nerf'(0)/2 in Bg.
The function v := 6 — nppR then satisfies

Av+ f(v) <nArer —nerf'(0)/2 <0 in Bg

and v = 0 on OBR. Let zy be any vector in RY. From the local uniform continuity of u, there
exists k£ > 0 such that
u(- +tz9) < v in Bp for all ¢t € [0, k].

Call
t* =sup {t € [0,+0), u(- +t'29) < v in By for all ¢’ € [0,1]}.

One @0 < Kk <t < 4o00. Assume t* < +o0o. Then, u(- + t*zp) < v in Bpr, and there exists
2* € Bp such that u(z* + t*2z9) = v(z*). Since v = § on dBr and u < # in RY it follows that
z* € Br. On the other hand,

Au(-+t"20) + f(u(- +t"20)) = cuy(- +t"20) > 0> Av + f(v) in Bg.

Hence, there exists a bounded function b such that the function w := v — u(- + t*zp) satisfies
Aw + bw < 0 in Bgr. Since w is nonnegative and vanishes at the point z* € Bp, the strong
maximum principle yields w = 0 in Bg. This is impossible because v = 6 on dBgr and u < 6 in
RY. As a consequence, t* = +o0o. Since 2y € RY was arbitrary, one gets that

u(z) < v(0) < 6 for all z € RY.
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As a consequence, supu < . Since f is negative in (0, 6), one can then prove as in Lemma 3.1 that
supu < 0, whence u = 0 in R, which is impossible by assumption.

Therefore, the claim sup u > 6 is proved. The strong maximum principle then yields 0 < u < 1
in RV, because 0 <# u <# 1 and f(0) = f(1) = 0.

Let us now prove that u(z,y) — 1 (resp. u(z,y) — 0) as y — +oo (resp. y — —oo) locally
uniformly in € R¥~1. Since 0 < u < 1 and u is nondecreasing with respect to the variable y, there
exist two functions 0 < uy(x) < 1 such that u(x,y) — us(z) as y — +oo, for all z € RV~!. From
standard elliptic estimates, the functions u(z,y + yo) converge to u+(z) as yo — oo in C2, (RY)
and the functions uy satisfy

Agus + f(ug) =0 in RV7L,

Notice that 0 < u_ < 1in R¥~! and that u_ can be written as u_(x) = @_(|=|) with @’_(r) > 0 for
r >0 by (3.7). Calll = @_(+00) € [0,1]. From standard elliptic estimates, @’ (r) — 0 as r — +00
and [ is a zero of f, namely [ =0, =0 or [ =1. If | =0, then u_ = 0, which is the desired result.
If [ = 1, multiply the equation

#0r) + 2 ) + f(a- () =0, 7 > 0

by @’ (r) and integrate on (0, +00). It follows that

' [N = 2)(@ ()
/u_(o) f(s)ds = /0

”
But 0 < u_(0) < 1 and the assumptions on the profile of f (f < 0 on (0,0), f > 0 on (6,1) and
fol f > 0) lead to a contradiction. If [ = 6, then 0 < u_ < 6§ in RY=1 and the arguments in the
first part of the proof of this theorem yield u_ = 0 or u_ = 0. The latter is impossible because
infgnv u < 6 whence infgv-—1u— < 6. One concludes that

dr <0.

u_ =0in RV,

With similar arguments, one can prove that u, = 1 in RV~1,

Furthermore, the nonnegative function u, satisfies an elliptic equation with continuous coeffi-
cients, and it is not identically 0. Therefore, u, > 0 in RY from the strong maximum principle.

From the above results, each level set of u, {(z,y) € RY, wu(z,y) = A}, for any A € (0,1), is a
graph {y = ¢x(x), = € RV~1}. We shall now prove property (3.1) with §; = 6 = 6 and ¢ = ¢
(which would then imply (3.2)). To do so, we will prove the nondegeneracy property (3.4). Take
first A € (0,6). Assume that there exists a sequence (z,)nen in RV ! such that uy(zn, ¢x(z)) — 0
as n — +o0. Let e be any fixed unit vector in RNY~!. Since u only depends on |z| and y, one can
assume that x,, = r,e with r, > 0. Furthermore, r, — +o00 because u, is continuous and positive
in RY. From standard elliptic estimates, the functions

un(a?,y) = U(LL’ +Tn,y + QZ))\(‘rn))

converge in CZQOC(RN ), up to extraction of some subsequence, to a solution us, of (1.1) such that
0 < oo <1, Use(0,0) = A, Oyuso > 0 and Oyuse(0,0) = 0. Therefore, dyus = 0 from the strong
maximum principle. On the other hand, since r, — +o0o0 and u depends on |z| and y only, the
function u, eventually depends on x - e only. Namely, uo(z,y) = v(z - €) and v satisfies

v'(€) + f(v(€) =0, £ER. (3.8)
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Furthermore, v' > 0 in R because d);@(|z],y) > 0 in RY and r, — +o0. Call I+ = v(£00) € [0,1].
Standard elliptic estimates yield f(l+) = 0 and v/(£) — 0 as |£] — +o00. Moreover, 0 <I_ < XA < 0

and 0 < A < l; < 1. Therefore, [ = 0 and Iy = 6 or 1. In both cases, multiply (3.8) by v and
Ly
integrate over R. It follows that f =0, which is impossible due to the profile of f. That shows
0
that
inf wy(z, px(x)) > 0 for all X € (0,0).

J:ERN71
Notice that the same result holds similarly with A € (6, 1).

We then claim that the same nondegeneracy property holds good for A\ = 6 as well. Assume
not and let e be a given unit vector of R¥~!. There exists then a sequence r, — 400 such that
the functions u,(z,y) = u(z + rpe,y + dg(rne)) converge in CZ (RY), up to extraction of some
subsequence, to a function ue(z,y) = v(x - e). The function v satisfies (3.8) in R and 0 < v < 1,

v(+00)
v/ >0, v(0) = 6. Since f(v(£o0)) = 0 and / f =0, it follows that v(+oo) = 6, namely
v(—00)
v = 0. In other words, the functions u,, converge locally uniformly to the constant 6. Fix now any
A € (0,60). It then follows that ¢g(rne) — ¢a(rne) — 400 as n — +oo and, for any compact set
K c RY,
limsup max u(z + rpe,y + dr(rne)) < 6.

As a consequence, the functions wy,(z,y) = u(z + rpe,y + dr(rpe)) converge in C2 (RY), up
to extraction of some subsequence, to a function we, satisfying (1.1) and 0 < ws < 6 in RV,
Furthermore, ws(0,0) = A and Oyws > 0. Since ¢ > 0, one has Aws + f(woo) > 0 and then we, =
0, using the arguments of the beginning of the proof of this theorem. This gives a contradiction.

Therefore, one has proved that inf, cgnv—1 uy (2, ¢g(x)) > 0. Actually, the above arguments imply
that

Ae[Al,/\gi}r,lfxeRN—l uy(x, oa(z)) >0 forall 0 <A <Ay <1

Moreover, given A € (0,1), the implicit function theorem implies that ¢, is of class C2.
Since |Vu| is globally bounded in RY from standard elliptic estimates, and V¢y(z) =
—Vou(x, ox(z)) /uy(z, pa(x)) for all z € RY~L it then follows that V¢, is globally bounded in
RN=1. In other words, each function ¢, is globally Lipschitz-continuous.

We shall prove now that u satisfies (3.1) with 6; = 03 = 6 and ¢ = ¢y. Let m be the positive
number defined by

e Ae[@/?,(l+é§>g], zERN-1 uy(, 9r(@)) > 0.

The mean value theorem yields

1+0

vz e RV
x € , 5

— 0 =u(z, ¢49)/2(2)) —u(z, do(x)) = m X ((110)/2(7) — Po(z)).
Hence, 0 < ¢(140)/2(7) — ¢a(x) < (1 —0)/(2m) for all z € RN=L Therefore,

u(x,y) > 1%9 for all z € RY™ and y > ¢g(z) + (1 —0)/(2m)
(because dyu > 0 in RY). Similarly, one can prove that u(z,y) < 6/2 for all x € RV~! and

y < ¢g(x) —0/(2m). As a consequence, the function u satisfies (3.1) with 6; = 63 = 0 and ¢ = ¢y.
Lemma 3.2 implies that u satisfies (3.2) with ¢ = ¢y, and then all conclusions of Theorem 3.3 and
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Proposition 3.5 hold (in particular, (3.2) holds for any function ¢, with A € (0,1)). The proof of
Theorem 3.6 is now complete. ]

Remark 3.7 The conclusion of Theorem 3.6 holds if, instead of ¢ > 0 and u, > 0, one assumes
that ¢ < 0 and u, < 0. Similarly, instead of infu < 6 and cuy > 0, one could have assumed that
supu >0, u # 1 and cu, <0.

3.2 Uniqueness of the speed and asymptotic behavior along the level sets

In this section, we will see how to relate the speed ¢ in (1.1) to a simple angle which is determined
by the level sets of u, and to the unique speed of the one-dimensional problem (1.6). Actually, it is
well-known that, if f is nonincreasing in [0, ] and [1 — 6, 1] for some 6 > 0, then the equation

U" — coU' + f(U), U(—00)=0<U<U(+o0) =1, U(0)= - (3.9)

has at most one solution ¢y = ¢(f) and U (the normalization of U at 0 is made to fix the solution
among all possible shifts). Notice however that this problem does not always have a solution.

In the sequel, & denotes the vector z/|x| for z # 0. The main result of this section is the
following

Theorem 3.8 Assume that f € C1([0,1]) is nonincreasing in [0,6] and [1 — 6,1] for some § > 0.
Let 0 < u <1 be a solution of (1.1).
1) If (5.2) is satisfied for some radially symmetric Lipschitz function ¢ : RN~ — R, then the
conclusion of Theorem 3.3 holds. Moreover, problem (3.9) has a, unique, solution (c(f),U) and
o= ) (3.10)

sin o

where a € (0,7/2] and cot « denotes the Lipschitz norm of all level graphs ¢y of u.

2) If N = 2 and if (3.2) is satisfied for some Lipschitz function ¢ : R — R, then the same
conclusion as in part 1) holds.

3) If (3.2) is satisfied for some Lipschitz function ¢ : RN~ — R which is of class C* for large
|x| and such that

|Z - V()| — cota as |x| — +oo, for some o € (0,7/2],

then the conclusion of Theorem 3.3 holds. Moreover, problem (3.9) has a, unique, solution (c(f),U),
¢ =c(f)/sina and the Lipschitz norm of all level graphs ¢ of u is equal to cot . In particular, if
a =m/2, then u is planar, it only depends on the variable y and it is unique up to translation.

Proof. 1) The assumption (3.2) is satisfied and one can then apply Theorem 3.3. Denote by cot o
the Lipschitz norm ||¢y||1ip of all level graphs of u, with a € (0, 7/2].

If « = /2, then the level sets of u are parallel hyperplanes which are orthogonal to the direction
y and the function u is a function of y only, which then satisfies (3.9). By uniqueness, u is then a
translate of U and ¢ = ¢(f) = ¢(f)/ sin(7/2).

Let us now assume in the sequel that o € (0,7/2). Let e be a given unit direction of RV~! and
let ¢ : Ry — R be the function defined by

P(k +1t) = ¢1/a(ke) +t(p1/2((k + 1)e) — d12(ke))
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for all k € N and t € [0,1). Lastly, let ¢(z) = @(|z|) for all z € RN, This function ¢ is clearly
Lipschitz continuous and its Lipschitz norm ||¢|| i, denoted by cot 8 with 3 € (0, 7/2], is such that

H&HL@p =cot3 < H¢1/2HLip = cot .

In other words, # > «. Furthermore, one has

sup [¢12(x) — @(x)| < +o0
zeRN-1
because of (3.3) and (3.2). Therefore, sup;> [¢(t)—d(te)| < +0o and sup,cgn-1 |p(x)—d(z)] < +o0
by radial symmetry of 6 and ¢. As a consequence,

Sup I61/2(2) — B{a)] < +o0
zeRN-1
and the function u satisfies (3.3) with ¢ as well as with b1/2-

Therefore, the arguments used in the proof of Theorem 3.3 imply that the function u is decreas-
ing in any unit direction 7 = (7,,7y) € RY=1 x R such that Ty < —cos 3. If B were strictly larger
than «, each level graph of v would then have a Lipschitz norm less than or equal to cot 3, and
then strictly less than cot o, which is impossible due to the definition of a. Therefore, 6 = « and
the functions ¢~> and ¢y, have the same Lipschitz norm, namely cot a.

By construction of ¢, there exists then a sequence of integers (k(n))nen such that

|6((k(n) + 1)e) — d(k(n)e)| = [¢1/2((k(n) + 1)e) = ¢ ja(k(n)e)| — cota (3.11)

as n — +oo.~Up to ex‘craction~ of some subsequence, two cases may occur:
Case 1: ¢((k(n) +1)e) — ¢(k(n)e) = ¢1/2((k(n) + 1)e) — ¢y /2(k(n)e) — cota as n — +oo. Up
to extraction of another subsequence, the functions

Un(xa y) = u($ + k(n)€> Y+ ¢1/2(k(n)e))

2 (RM) to a solution v of (1.1) such that v(0,0) = v(e,cot o) = 1/2. By passage to
the limit, the function v is nonincreasing in any unit direction 7 = (7, 7,) € R¥~1 x R such that
Ty < —cos a. It especially follows that

converge in C?

v(te,tcot ) = 1/2 for all t € [0, 1].

For any ¢t € (0,1], the function w(x,y) = v(x,y) — v(x + te,y + tcot «) is nonpositive, it van-
ishes at (0,0), and it satisfies an equation of the type Aw — cwy + b(z,y)w = 0 in RY, for some
bounded function b (because f is Lipschitz continuous). The strong maximum principle implies
that w(x,y) = 0 for all (z,y) € RY. Since t € (0, 1] was arbitrary, one concludes that v is constant
in the direction (e, cot ).

Furthermore, one has that k(n) — +oo: if not, one could have assumed that the sequence
(k(n)) was bounded (up to extraction of some subsequence), and then the function u itself would
have been constant along the direction (e, cot a). Since v € (0,7/2) here, one gets a contradiction
with the fact that u satisfies (3.2) with the radial function ¢(z).

As a consequence, k(n) — 400 as n — +o0. Since ¢ is radial in (3.2), there exists then a
globally Lipschitz function ¢, : R — R such that

liminf  v(z,y) =1, limsup  v(z,y) =0.
Y—Poo (7€) —+00 Y—Poo (z-€)—>—00
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Since v(te,tcota) = 1/2 for all t € R, one gets that sup,cpnv-1 [¢poo(x - €) — (2 - €) cot a| < 400,
whence

lim inf v(z,y) =1, lim sup v(z,y) = 0. (3.12)

y—(2-€) cot a—+00 y—(z-e) cot a——o0
The arguments used in the beginning of the proof of Theorem 3.3, relying on the comparison
principles stated in Section 2, then imply that the function v is increasing in any direction 7 =
(T2, Ty) € RN-1 xR such that 7y, > 0 and 7, -e = 0. Fix any such 7, € RN-1 such that 7, -e = 0 and
consider the directions 74+ = (7, £7) with 7, > 0. The function v is increasing in both directions
7+ and —7_. Letting 7, — 0% implies that v is constant in the direction (75,0). Therefore, v
does not depend in the directions of RN~! which are orthogonal to e. On the other hand, one has
already got that v was constant in the direction (e, cot o). In other words, there exists a function
vo : R — [0, 1] such that
v(z,y) =vo((—x - €e)cosa + ysina)

for all (z,y) € RY. As a consequence, the function vy = vo(£) satisfies
vy —csina vy + f(vg) =0, 0<vy<1 inR

together with vy(—o0) = 0, vo(+00) = 1 (because of (3.12)). The uniqueness result for the above
equation yields c¢sina = ¢(f) and vg = U.

Case 2: ¢((k(n) + 1)e) — ¢p(k(n)e) = b1/2((k(n) + 1)e) — ¢1/9(k(n)e) — —cota as n — +4o0.
This case can be treated similarly and leads to the same conclusion that csina = ¢(f).

2) The case N = 2 with assumption (3.2) without radial symmetry of ¢ is just an adaptation
of the previous proof in part 1). Let cot a denote the Lipschitz norm of all level graphs ¢, of u,
with o € (0,7/2]. Let ¢ : R — R be the function defined by

Pk +1t) = d1y2(k) + P12k + 1) — ¢12(k))

for all k € Z and t € [0,1). As in part 1), one can prove that sup,cg |¢1/2(z) — d(x)| < 400 and
that ||6| Lip = |¢1/2llLip = cot a. Therefore, there exists a sequence of integers (k(n))nen in Z

such that (3.11) holds with e = 1. Notice that the k(n) may be negative, because ¢ is not radially
symmetric anymore. Two cases may occur:

Case 1: ¢(k(n)+1)—p(k(n)) = ¢1/2(k(n)+1)—¢1/2(k(n)) — cot avasn — +oo. Asinpart 1), up
to extraction of another subsequence, the functions u,(x,y) = u(x +k(n),y + ¢12(k(n))) converge
in C? (RY) to a solution v of (1.1) in dimension N = 2, which is constant in the direction (1, cot «),
and such that v(z, +00) = 1, v(z, —o0) = 0 for all x. In other words, v(x,y) = vo(—x cos a+ysin a)
with vg(400) = 1 and vo(+00) = 1. One concludes as above that csina = ¢(f).

Case 2: ¢(k(n) +1) — ¢(k(n)) = ¢1/2(k(n) +1) — ¢1/2(k(n)) — —cot a as n — +oc. This case
is treated similarly.

Notice that in both cases, the sequence (k(n)) may here be bounded. Actually, if it is, then the
function wu itself is planar, of the type vo(+z cosa + ysina). But, even when o < 7/2, there is no
contradiction, because the function ¢ in (3.2) was not assumed to be radially symmetric.

3) First observe that the conclusions of Theorem 3.3 and Proposition 3.5 hold. Fix now any unit
direction 7 = (75, 7,) € RV~! x R such that 7, < —cosa. Choose a set of vectors (71,--- 7¥=1)
such that (71, - ,7N-1 7) is an orthonormal basis of RN and define the new cartesian coordinates
Xi=7"-(z,y) 1 <i<N—-1),Y =7-(2,9). Let us note X = (X1,---,Xn_1). The function
w(X,Y) = u(x,y) satisfies

At —c7-Va+ f(i) =0in RN = {(X,Y), X e RV"! Y e R},

22



where 7 is the constant vector 7 = (Tyl, e ,Tév - 7,). Besides, because of the assumptions made

here in part 3), it is easy to see that there exists a Lipschitz function X — d;(X ) such that @
satisfies (3.2) in the variables (X,Y) with the function ¢ (notice that the set {Y = ¢(X)} is not
necessarily equal to the set {y = ¢(x)} but we can choose a real number R large enough such that
{Y = ¢(X), |X| > R} is a subset of {y = ¢(z)}). Theorem 2.6 can be applied in the variables
(X,Y) and it implies that the function @ is increasing in Y. This means that the function w is
decreasing in any unit direction 7 such that 7, < —cosa.

Because of these monotonicity properties, the Lipschitz norm cot o (with o € (0,7/2]) of the
level graphs ¢ of u is such that cot o’ < cot o, namely o’ > a. But

sup |pa(x) — ¢(x)| < o0 for all A € (0,1),

because of (3.3) and (3.2). Since |Z-V¢(z)| — cot a as [x| — 400, it follows that cot o/ = ||Px||Lip >
cot o for all A € (0,1). Thus, &' =« and ||¢x||rip = cota for all A € (0,1).

Let us now prove the formula for the speed c. Call e; = (1,0,---,0) € RV~!. Since |& - V| —
cot o as |z| — +o0, either & - V¢ — cota as x| — +oo in dimensions N > 3 (resp. ¢/(x) — cota
as * — o0 in dimension N = 2), or & - V¢ — —cota as |z| — +oo in dimensions N > 3 (resp.
¢'(x) — —cot a as & — +o0 in dimension N = 2). Assume here that the limit is + cot @ (the other
— cot « could be treated similarly). Consider the sequences x,, = nej, y, = ¢(ne1) and define the
functions

un(z,y) = uw(r + Tn,y + Yn).
By standard elliptic estimates, up to extraction of some subsequence, the sequence (u,,) converges

in C2_(RY) to a solution ue of (1.1). We now claim that

lim inf Uso(Z,y) =1,
y—x1 cot a—+00, (v2,,xN-1)ERN 2 () (3.13)
lim sup Uso(z,y) = 0. '

y—x1 cot a——00, (z2,,xNy_1)ERN2

Let us prove the formula when y + 21 cot & — 400 (the proof of the other one is similar). Let
e > 0. Since u satisfies the asymptotic conditions (3.2), there exists a real number yy such that
u(z,y) > 1 —¢cif y > yo+ ¢(x). Fix any point (z,y) such that y > yo + 1 + x1 cot @ with
(z2,- ,2n_1) € RV=2, From the finite increment theorem, we have that ¢(x + z,) — ¢(z,) =
Vo(xy+tnx)-x with some ¢, € [0,1]. From the assumption made on ¢, and since z,, = (n,0,--- ,0),
one gets that ¢(x + x,,) — ¢(x,) — cot @ x1 as n — +oo. This implies that

Y+yn =y + o(xn) > yo + ¢(x + x,) and u,(z,y) > 1 — ¢ for n large enough.

The limit as n — +00 gives uso(z,y) > 1 — . Therefore, infy>yo+1+a; cota Uso (%, y) > 1 — €, which
implies the desired result.

In the new coordinates X1 = z1sina+ycosa, Xog =29, -+ , Xny_1 =2n_1, Y = —T1C08x +
ysin a, the function (X,Y) = u(z, y) satisfies the equation

Al — ccosa @iy, — csina @y + f(@) =0 in RY

together with liminfy_, xepv-1@(X,Y) =1 and limsupy_, ., xern-14(X,Y) =0 by (3.13).
With the same arguments as in part 1), one concludes that the function @ depends on Y only, and
then that csina = ¢(f). That completes the proof of Theorem 3.8. O
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The next result is the follow-up of Theorem 3.8. It is concerned with the planar behaviour of the
function u along its level sets, at infinity. Denote by sgn the function defined on R by sgn(¢) = —1
if £ <0, sgn(0) =0 and sgn(¢) =1 if £ > 0. Under the assumption that f is nonincreasing in [0, J]
and in [1 — 4, 1] for some 6 > 0, we denote by (c(f),U) the unique (if any) solution of (3.9). We

also recal that .
sentet /) =sen [ £).

Proposition 3.9 Under the same assumptions and notations as in Theorem 3.8, and assuming
that c¢(f) # 0, one has:
1bis) In case 1) of Theorem 3.8, then

- Vour(x) — —sgn(e(f)) cot a as |x| — +oo,
for all A € (0,1). Furthermore, for all unit vector e € RN=! and all X € (0,1),
u(z +re,y + da(re)) — U (sgn(c(f)) cosa @ - e+ ysina + U () asr — +oo, in Cp (RY).

2bis) In case 2) of Theorem 3.8, then either u is a planar front u(x,y) = U(£x cosa+ysina+7)
(for some T € R), or ¢\ (x) — Fsgn(c(f)) cota as x — Foo for all X € (0,1) and

u(z 41,y + éa(r)) — U(zsgn(c(f)) zcosa +ysina +UH(N)) as 7 — +oo, in CF.(R?).

3bis) In case 3) of Theorem 3.8: if N > 3, then the conclusion of part 1bis) holds and &-V $(x) —
—sgn(c(f))cot v as |z| — 4o00; if N =2, then the conclusion of part 2bis) holds.

Proof. 1bis) Let A € (0,1) be fixed. With the same notations as in Theorem 3.8, we first recall
that ||¢al|zip = cota and ¢ = ¢(f)/sina. If @ = 7/2, then, as already underlined, the function
u = u(y) is the unique solution U of (3.9), up to shift in y. The conclusion of Proposition 3.9
follows immediately. We then assume in the following that 0 < o < w/2. One has

—cota < m:=liminf & -V¢y(xr) <M :=limsup - Vo, (z) < cota.

|z| =00 |z|—~+o00

We shall prove that m = M = —sgn(c(f)) cot a.
Assume first that |M| < cota. Let (z,,)neny be a sequence such that |z,| — +oo and &, -
Vor(zy) — M as n — 400, and call

Un(2,y) = w(@ + Tp,y + Ox(zn)) and ¢n(x) = da(z + zn) — da(Tn).

2 (RY), up to extraction of some
subsequence, to a solution us, of (1.1). One can also assume that &, — ¢ € R¥Y"! as n — +o0.
Furthermore, from the arguments in the proof of Proposition 3.5, the function ¢, has bounded
derivatives up to second order. Thus, the functions ¢, converge in C’lloc(]RN ~1), up to extraction of
a subsequence, to a C'! function ¢ such that ||| Lip < cot a,

From standard elliptic estimates, the functions u,, converge in C?

vz e RV"L —cota < e Vooo(r) < M,

and e - Voo (0) = M. Furthermore, the function us solves (3.2) with ¢ and use(z, poo(x)) = A
for all z € RN~1. Call
~ = arctan(M).
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The same arguments as in the proof of Case 1) of Theorem 3.8 imply that the function us, can be
written as a function of x - e and y only, namely

U (z,y) = v(z - €,y).

Therefore, ¢oo () = ¢(-€). On the other hand, since — cot a = tan(a —7/2) < ¢’ < M = tan~, it
then follows from Remark 3.4 that the function v is decreasing in any direction (cos ¢, sin ) such
that v — 7 < ¢ < @ — 7/2. By continuity,

p- Vv <0in R? for p = (cos(y — m),sin(y — 7)) = —(cos~,sin ).

But since ¢/ (0) = M = tan~ and {y = ¢(z-€)} is a level curve of v, one concludes that p- Vv (0,0) =
0. The nonpositive function z := p - Vo satisfies an elliptic equation with continuous coefficients,
and z(0,0) = 0. It follows from the strong maximum principle that z = 0 in R?. In other words,
v(z,y) = vo(—z siny+y cosvy). By uniqueness for problem (3.9), one concludes, in both cases v > 0
or v < 0, that

csin(m/2 — |y]) = ¢(f) = csina. (3.14)

But —cot a < tanvy < cot v from our assumption, whence 7/2 > /2 — || > « (> 0). Since ¢(f)
is here assumed to be not zero, one gets a contradiction with (3.14).

Similarly, we cannot have |m| < cot .

Therefore, either m = M = —cot o, or m = M = cota, or —cotaa =m = —M.

If ¢(f) > 0 and m = M = cota, then 0 < u(z,y) < 1 and limsup,_,_ ., yepy-1u(z,y) =0
because of (3.3). Furthermore, 0 < U(y) < 1, U(+o00) =1 and

AU — cUy+ f(U)=U" - cU" + f(U) = (c(f) —c)U" <0 (3.15)

because U’ > 0, ¢ = ¢(f)/sina, o € (0,7/2) and ¢(f) > 0. Theorem 2.4 of Section 2 applied in
RN tou = u, w = U and ¢ = 0 yields the existence of 7* € R such that u(x,y) < U(y + 7%) in
RY and inf,cpv-1 U(7*) — u(,0) = 0 —notice that the critical shift 7* is finite because U(—o0) =
0. If u(x,0) = U(r*) for some zg € RN7! then u(x,y) = U(y + 7*) from the string elliptic
maximum principle. This is impossible because of the strict inequality in (3.15). Otherwise,
lim sup|g| o0 w(z,0) = U(7*) > 0, which is impossible because of (3.3) and the assumption that
m = M = cota > 0. Therefore, the case where ¢(f) > 0 and m = M = cot « is ruled out.

Similarly, one can prove that the case where ¢(f) < 0 and m = M = — cot « is ruled out too.

Assume now that —cota = m = —M. Arguing as in the first part of the proof, there exists a
sequence (1 )neN in RN=1 such that

|z1,n| — 400, T1m - Vor(z1n) = M =cota, &1, — €€ RN-1

and
w4+ T1m, Y+ oa(r10) = U(—(z-€)cosa+ ysina + U_l()\)) in Cfoc(]RN)

as n — +o00. Reminding that ¢ is radially symmetric and sup,cpnv-1|¢(x) — ¢a(z)| < 400 because
of (3.2) and (3.3), there is then a sequence (p1,)nen € Ry going to 400 such that

sup max ¢(x+1,) — ¢(T1,) — 2| cota < +oo.
neN ‘$|§P1,n

Similarly, there are two sequences (9., )neny € RY ™! and (p25)nen € Ry such that |z2,| and pa,
converge to 400, and

sup max T+ ¢(x2y) — d(r2,) + |x] cot a < +o0.
neN [z|<p2n
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Therefore, there are some sequences (zn)neN, (Zn)nen € RY=! and (R,)nen, (Rn)neN € R, such
that |x,|, |Zn|, Rn, Ry, converge to 400, and

¢(xn) = min <f>(l’n + a:), (b(‘%n) = max d’(i’n + x)
|z|<Rn |z|<Rp
Now, the functions u(z + x,,y + ¢(xy)) (resp. u(x + &y, y + ¢(Zy))) converge, up to extraction of
some subsequence, to a solution 0 < us < 1 (resp. 0 < i < 1) of (1.1) such that

limsup  uso(z,y) =0 (resp. liminf = deo(x,y) =1).
y——o0, TERN-1 y——+oo, zeRN—1

If ¢(f) > 0, then, arguing as in the case where m = M = cot «, there exists 7" € R such that
Uso(®,y) < Uy + 7%) and infcgn-1 U(T*) — too(2,0) = 0. Let (70,,) be a sequence in RV~! such
that ueo(xon,0) — U(7*). Up to extraction of some subsequence, the functions us(z + o n,y)
converge to a solution Us oo (z,y) of (1.1) such that U oo(x,y) < U(y + 7*) with equality at (0,0).
The strong maximum principle implies that e oo(z,y) = U(y + 7*), which is impossible because
of the strict inequality in (3.15). Similarly, one gets a contradiction if ¢(f) < 0, by comparing i«
and U.
All the above results imply that

m = M = —sgn(c(f)) cot a.

Choose now any unit vector e € R¥~! any A € (0,1) and any sequence (r,) — +00. As in the
proof of part 1) of Theorem 3.8, one can prove that the functions u(x + rpe,y + ¢x(rne)) converge,
up to extraction of some subsequence, to U (sgn(c(f)) cosa - e+ ysina + U~H(N)) in CZ_(RY).
By uniqueness of the limit, one concludes that the whole family u(x + re,y + ¢x(re)) converges to
U (sgn(c(f))cosa z-e+ysina+U~Y(N)) in CF (RY) as r — +oc.

2bis) Let A € (0,1) be given. With the same arguments as in the proof of case 1bis), one gets
that |¢)(z)| — cota as |z| — +oo. If @)\ (z) — cota as || — 400, then, as in the beginning of
the proof of Theorem 3.3, one can apply the monotonicity result (Theorem 2.6) of Section 2 and
get that u is decreasing in any direction (cos g, sinp) such that —7/2 —a < ¢ < 7/2 — a. By
passing to the limit ¢ — —7/2 — « and ¢ — /2 — «, one concludes that u is constant in the
direction (sina,cosa). In other words, u is a planar solution of the type wvg(—x cosa + ysina)
such that vg(—o0) = 0 and vg(4+00) = 1. By uniqueness for (3.9), vy is then a translte of U. If
¢\ (z) — — cot cr, one can prove similarly that u is then a translate of U(x cos a4 ysin ).

The case where ¢(f) > 0 and ¢\ (r) — £ cota as © — +oo can be ruled out, as was the case
where ¢(f) > 0 and m = M = cot « in 1bis). Similarly, the case where ¢(f) < 0 and ¢} (z) — F cot
as x — £oo can be ruled out.

One concludes that ¢)(z) — Fsgn(ce(f))cota as  — £oo if u is not planar. The planar
behavior of u along its level sets follows as in 1bis).

3bis) First, as already underlined in Theorem 3.8, u only depends on y if & = 7/2, and the
conclusion holds. Assume in the following that o € (0,7/2). If N > 3, then &-V¢(x) has a constant
sign for |z| large. The case where ¢(f) > 0 and Z - Vo(z) — cot a as |x| — +0oo can be ruled out,
as was the case where ¢(f) > 0 and m = M = cot« in 1bis). Similarly, the case where ¢(f) < 0
and & - Vo(xr) — —cota as |z| — 400 can be ruled out. Therefore, & - Vp(x) — —sgn(c(f)) cot a
as |r| — 4o00. The arguments used in Theorem 3.8 and in case 1bis) above can be applied and the
conclusion of part 1bis) follows.

If N =2, then one can argue as in case 2bis) and the conclusion follows. O
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If the nonlinearity f is of the combustion type (1.2), then problem (3.9) does have a (unique)
solution, and the speed c(f) is positive. Therefore, for the model presented in Section 1, we can
see that the speed ¢ = ¢(f)/sina of the non-planar flame (for a@ < 7/2) is greater than the speed
co = ¢(f) of the planar flame. Furthermore, the angle « is all the smaller as the speed c is larger.
That is physically meaningful since the curvature of the flame tip increases with the speed of the
outgoing fuel flow. It is worth noticing that formula (3.10) has been known for a long time and had
been formally derived from the planar behavior of the flame, far away from its centre, along the
directions (4 sin , — cos). This formula had been used in experiments to find the planar speed
co = c(f): indeed, the vertical speed c of the gases at the exit of the Bunsen burner being known,
one can measure the angle o and the one-dimensional speed ¢y = ¢(f) is then given by the formula
c(f) = csina (see [16], [38], [51], [55]).

Furthermore, one can easily derive heuristically this formula (3.10) from the asymptotic planar
behavior of the solution along its level sets. Indeed, if the medium were quiescent, the flame front
would move with speed ¢ downwards and with speed ¢(f) in the directions which are asymptotically
orthogonal to its level sets (see Figure 1). Since the angle between the vertical direction and the
level sets is asymptotically equal to «, the speed ¢(f) is then nothing else than the projection of
the speed c on the directions which are orthogonal to the level sets.

To complete this subsection, we prove the formula (3.10) for the speed ¢ under some conditions
which are somehow weaker than those of Theorem 3.8, in the sense that we assume that the limits
0 and 1 are satisfied in some strict sub-cones only.

Theorem 3.10 Assume that f € C1([0,1]) is nonincreasing in [0, 6] and [1—6, 1], negative in (0, ]
and positive in [1 — §,1), for some 6 > 0. Assume that there exists a, unique, solution (c(f),U) of
problem (3.9). Let 0 < u <1 be a solution of (1.1) such that

vV 5 e (a,m), liminf  w(z,y) =1
y+|z| cot B—+o00 (3 16)
vV 5 € (0,a), limsup  u(z,y) =0 :

y+|z| cot f——o0
for some a € (0,m). Then c = c(f)/sina.

Here, in (3.16), the limits are only uniform in strict subcones, while they were uniform far above
or below a given graph in Theorem 3.8. In particular, one does not know a priori whether, given
a<be(0,1), the region {a < u < b} has a finite width or not in the y direction.

Remark 3.11 The arguments used in the proof of Lemma 3.2 imply that the conditions (3.16) are
immediately satisfied if one only assumes that iminf, | ;| cot g—too (T, y) > 02 for all B € (o, )
and imsupy, 4/ cot g——oo W(T,y) < 01 for all B € (0, ), where 0 < 61 < 0 <1 and f is assumed
to be negative in (0,01) and positive in (62,1).

Let us now turn to the proof of Theorem 3.10.
Proof. Assume first that N = 2 and call

N

y=1-
Fix temporarily n € N, and an angle § such that

0 < f < min(a, ™ — ).
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By (3.16), we have u(z,y) — 1 as y — +oo and u(z,y) — 0 as y — —oo for any = € R. Since u is
continuous, we can therefore define the functions

¢—(x) = min {y eER, u(z,y) = g} , and ¢4 (z) = max{y € R, u(z,y) =~}.

For any zg € R, let us define the set

Ay = {(z,y) €R?, wo—n <z <o, y > dy(20) + cot(a — B)|z — wol}
U {(z,y) €R? zo <z <xo+n, y> ¢y(xo) — cot(a+ B)|z — zol}.

We claim that there exists x,, > n/2 such that
u(z,y) > 1—0 for all (z,y) € A, .

Assume not. First, because of the first assumption in (3.16) applied to any angle in («,7), there
exists y;, € R such that

Vx| <n/2, Yy >y — cot(a — Bz, u(z,y) > 7. (3.17)

Besides, by the second assumption in (3.16), applied to the angle o — 3/2, we have u(z, y{ — cot(a—
B)x) — 0 as © — +oo. Hence, there exists a real number zy > n/2 such that u(zo,y{, — cot(a —
B)zo) <y, whence

Yo := ¢4 (x0) > yo — cot(a — B)wo. (3.18)

Because of our assumption on the sets A, for x > n/2, there exists then a point (z1,y]) in
Ay, such that u(z1,y]) < 1 — . By definition of A,, and of ¢ (x1), it follows that the point
(x1,91) == (z1, ¢4 (1)) is in Ag,. Now, if 1 > g, then z1 > n/2. If 21 < ¢, then

Y1 > ¢4 (z0) + cot(a — B) |21 — zo| = ¢4 (z0) + cot(a — B) (w0 — z1) > yy — cot(a — B)z

because of (3.18). Thus, |x1| > n/2 because of (3.17) and u(z1,y1) = 7. But |z1 — 29| < n and
xo > n/2. Therefore, 1 > n/2. On the other hand, since u(xg,y) > v =1—09/2 for any y > yo
and since (z1,y]) € Ay, satisfies u(z1,y]) < 1 — 9, it easily follows from the definition of A4;, and
Finite Increment Theorem that

X (|| Vs sin(e — 8)) ' > 0,

N O

‘.%'1 —.7}0’ 277:2

where [|[Vulloo = sup(, y)er2 [Vu(z,y)| < +oo. By induction, there exists a sequence of points
(g, yk) = (@, ¢4 (x1)) such that (g, yx) € Az, ,, 2 > n/2 and |xp — 21| > 7 for all k& € N*.
Since |z — xx_1| > n > 0 and x > n/2 for all k, there is an infinite number of k’s such that
xp > xp_1. For such k’s, we actually have xp > xx_1 + 7 and

Yk > Yk—1 —cot(a+ B) |z — xp_1]
= yp—1 —cot(a+ B) (zr — x—1)
> yp—1+n —cot (a + g) (x) — Tp—1),

where 7' = [cot(a + /2) — cot(a + 8)]n > 0. On the other hand, if x; < x_1, we have

B
Yi > Yk—1 + cot(a — B) |z — xp—1| > yr—1 — cot <Oé + ) () — xp—1)
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because (zg,yx) € Az, ,. Call N(k) the number of I’s in {1,---,k} such that 2; > 2;_;. By an
immediate induction, we deduce that

Yk > yo + 1 N(k) — cot (a + g) (z — x0).

Hence, since we noticed that N (k) — +oo as k — +o0, it follows that y; + cot(a + 5/2)x), — 400
as k — +o0. Since each zj, is nonnegative, the first assumption in (3.16) implies that u(xg, yx) — 1
as k — +o00, which is impossible because u(xg, yx) =~v=1—9/2.

Therefore, for each 8 € (0, min(a, 7 — «0)), there exists x,, = zd > n/2 such that u(z,y) >1—9
for all (z,y) in A,, . Let now (8,)nen be a sequence of positive numbers in (0, min(«a, 7 — «)) such
that 3, — 0 as n — +oo. For each n € N, there exists a real z,, such that u(x,y) > 1 —J for all
(z,y) € As,, where A is defined with the angle ,,. Set y, = ¢4 (x,). We have u(zp,yn) = v =
1 — /2 for all n. Define the functions

Un(z,y) = w(x + Tn,y + yn) in R2.

Up to extraction of some subsequence, the functions u,, converge in C?_(R?) to a solution 0 < u < 1

loc
of (1.1) such that w(0,0) =~ and
VeeR, Vy>—zcota, u(x,y)>1-0.
The same arguments as in the proof of Lemma 3.2, using the positivity of f in [1 —¢,1), imply that

y+acl<l:grtlgg+oou(x7 y)=1.
Assume now that ¢ < ¢(f)/sina, where (¢(f),U) denotes the unique solution of (3.9). The
function u(z,y) = U(x cos a + ysin a) then satisfies

Au — cu, + f(u) = (c(f) — esina)U'(x cos a + ysina) > 0 (3.19)

because of our assumption and U’ > 0. Furthermore, 0 < u < 1 and lim sup,; ; cot 4——oo (2, y) = 0.
Since U(+00) = 1 and @(0,0) = 1 — 6 € (0,1), one concludes from Theorem 2.4 that there exists
7" € R such that

u(z,y) =U(xzcosa +ysina) < u(z,y+77)

and infy—_;cota, zer U(x,y + 7*) — U(0) = 0. Therefore, there exists a sequence of real numbers
(zn)nen such that w(z,, —x, cot a«+7*) — U(0) and such that the functions @(z + z,, y — x, cot «)
converge to a solution 0 < s, <1 of (1.1) such that

Uoo(,y + 7) > U(z cosa + ysin a)

and s (0,0) = U(0). Since U(zcosa + ysina) is a subsolution of (1.1), the strong maximum
principle implies that s (z,y + 7*) = U(z cos a + ysin ) in R2. This is impossible because of the
strict inequality in (3.19).

As a consequence, one has proved that ¢ > ¢(f)/sina. Similarly, by considering some sets of
the type

Alxo = {(J},?/)ERQ, o —n < x < X, y§¢—($0)+00t(04+/3)|95—550|}
U {(x,y) € RQ, Zo S €T S To +n7 Yy S (Z)_(.CC(]) - COt(Oé - /6)‘:6 - .CU(]|},
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passing to the limit and arguing by contradiction, it follows that ¢ < ¢(f)/sin a.

As a conclusion, the formula ¢ = ¢(f)/sin « holds in dimension N = 2.

Consider now the general case N > 3. Let SOx_; be the group of rotations in RN~1. For any
p € SON_1, the function

up(z,y) = u(p(r),y)

is also a solution of (1.1) in RY. Since the function w is globally lipschitz-continuous in RY, the
function

v(r,y) = min wu,(z,
(@y) = min u(,y)
is globally lipschitz-continuous as well and it satisfies Av — v, + f(v) < 0 in RY in the sense of
distributions. By definition of v, there exists then a globally lipschitz-continuous function ¢ defined
in R, x R such that v(z,y) = 9(r,y) where 7 = |z|. Define w(z,y) = o(|z|,y) for (x,y) € R%. The
function w is globally lipschitz-continuous in R? and it solves

N -2
Aw+ ——wy —cwy + f(w) <0in R* xR
T

in the sense of distributions. Furthermore, since the function u fulfills the asymptotic conditions
(3.16) in RY, it is easy to see that the function w satisfies the analogous conditions (3.16) in R.

Henceforth, with the same arguments as above, for any sequence 3, — 0, 3, € (0, min(«, T—a)),
there exists a sequence of points (z,,y,) € R? such that z,, > n/2, y, = max{y € R, w(z,,y) =
1—-¢6/2} and w >1—¢ in A, , where

Av, = A{@y) eR? 2y —n <z <2, y > yp + cot(a— By) |z — x|}
U {(z,y) €R? 2y <2 <y + 0, y = yn — cot(a+ By) [z — 2}

Since the function w is globally lipschitz-continuous in R?, it follows from Arzela-Ascoli’s theorem
that the functions u,(z,y) = w(x + x,,y + yn) converge locally uniformly in R? to a lipschitz-
continuous function 0 < @ < 1, up to extraction of some subsequence. We have w(0,0) =1 — §/2
and u(z,y) > 1 —0 for all y > —x cot . Since z,, — +00 and w is globally lipschitz-continuous,
the terms Y=2w,(z + T,y + yn) converge locally to 0. Hence, in the sense of distributions, the

. mtan
function w satisfies

AT — cuy, + f(@) <0 in R2.

By adapting the arguments of Section 2 and those used above, one gets that

liminf @(z =1
y—+x cot a——+o00 ( ’y) ’

u(x,y +7*) > U(xcosa + ysina) and inf,cp U(z, —zcota + 7%) = U(0), for some 7 € R. Up
to extraction of another subsequence, one would then get a contradiction if one had assumed that
¢ < ¢(f)/sina. Therefore, ¢ > ¢(f)/sina. One can get the other inequality similarly. That
completes the proof of Theorem 3.10. O

3.3 Global curvature of conical fronts

The results of the previous subsection lead to the following
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Theorem 3.12 1) Assume that f € C([0,1]) is nonincreasing in [0,0] and [1 — §,1] for some
0 >0. Let 0 < u < 1 be a solution of (1.1). If (3.2) is satisfied for some Lipschitz function
¢ : RN~ = R which is of class C* for large |x| and such that

Z-Vé(r) — —cota as |x| — 400, for some a € (0, g) U (g,w) ,

then

sgn (g — a) = sgn(c(f)).

2) Under the assumptions of Theorem 3.10 with o # /2, then sgn(mw/2 — o) = sgn(c(f)).

Proof. To prove part 2), assume for instance that o > 7/2 and ¢(f) > 0. The function U(y) is
then a supersolution of (1.1) since

AU — cUy + f(U) = (c(f) — c(f)/sina)U’ <0 in RY.

Furthermore, U(+oc) = 1 and limsup, ,_., ,egn-1u(z,y) = 0 because of (3.16) and o > 7/2.
Therefore, comparing v and U and applying Theorem 2.4 (as in the case where ¢(f) > 0 and
m = M = cot« in part 1bis) of Proposition 3.9), it follows that

Uy + ) = u(w,y) in R?,

for some 7* € R, together with inf, cgnv—1 U(7*) —u(x,0) = 0. If U(y + 7*) and u touch somewhere,
they will then be equal from the strong maximum principle. This is impossible since u cannot be
independent of = because of (3.16) and a > /2. Thus, imsup,_ 4o u(z,0) = U(7*) > 0, this
is again impossible because of (3.16). One has then reached a contradiction. Similarly, the case
where oo < m/2 and ¢(f) < 0 can be ruled out.

Part 1) can be proved the same way as part 2), and the proof of Theorem 3.12 is complete. [

This result shows that the global curvature of the conical fronts solving (1.1) is related to the
sign of the speed ¢(f). For instance, in Figure 1, for a combustion nonlinearity f satisfying (1.2),
one has ¢y = ¢(f) > 0, and then the angle o cannot be larger than or equal to /2. Thus, despite its
simplicity, the mathematical model which was presented in Section 1 to describe premixed Bunsen
flames is robust enough and physically meaningful: there is no flame which points inside the Bunsen
burner. Using the terminology of Haragus and Scheel [32], there is no exterior corner for (1.1) if

c(f) > 0.

3.4 Uniqueness of the profile of the fronts, and a non-existence result in dimen-
sions N > 3, under conditions (1.3)

In this subsection, we focus on the solutions (c¢,u) of (1.1) under the conditions (1.3), for some
angle € (0,7). Conditions (1.3) are of the type (3.2) with, for instance, ¢(z) = —|z|cot a.
Therefore, all results in the previous subsections hold under the conditions (1.3). In the sequel, we
call (¢(f),U) the unique (if any) solution of (3.9) under the assumption that f is nonincreasing in
[0,6] and [1 — 6, 1] for some & > 0.

However, it turns out that there is a main difference between dimension N = 2 and higher
dimensions N > 3. In Section 4 below, we state some existence results in dimension N = 2 under
the conditions (1.3), for some special nonlinearities. Here, we prove the uniqueness and evenness (in
x) of the solutions up to shift in dimension N = 2, as well as a non-existence result in dimensions
N > 3 provided a # 7/2.
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Theorem 3.13 Assume that f € C1([0,1]) is nonincreasing in [0, 0] and [1 — §,1] for some § > 0.
Let 0 < u <1 be a solution of (1.1) in dimension N = 2, and satisfying (1.3) for some o € (0, 7).
Then, there exists x9 € R such that u(xo + z,y) = u(wg — z,y) for all (x,y) € R? and

sgn(ug(z,y)) = sgn(mw/2 — ) for all x > xp and y € R.

Furthermore, there are two real numbers T4 € R such that u(z + r,y — |r| cot o) — U(£x cos o +
ysina+74) in C} (R?) as r — +oo. Lastly, if u1 and uy are two such solutions, then there exists

(a,b) € R? such that ui(z,y) = ua(x + a,y +b) for all (z,y) € R2.

Proof. As already underlined, the results of the previous sections apply. In particular, from
Theorems 3.3 and 3.8, 0 < u < 1 in R?, and v is decreasing in any unit direction (T2, Ty) € R?
such that 7, < —|cosa| and all level graphs ¢, of u have their Lipschitz norm equal to |cot «|
(consider both cases @ < /2 and « > 7/2). Moreover, problem (3.9) then has a solution, and
¢ = ¢(f)/sina. Notice that, if « = 7/2, then u only depends on y and it is then equal, up to
translation, to the unique solution U of (3.9). All conclusions of Theorem 3.13 follow in this case.

One can then assume in the sequel of the proof that o # 7/2. Let us now prove the limiting
behavior along the directions (& sin «, — cos av). Consider first the case where ao < /2. By continu-
ity, u is nonincreasing in the two directions (+sin «, — cos av). Therefore, there exist two functions
Ut : R —[0,1] such that

u(z +r,y — |r|cota) — Usr(£xcosa + ysina)

as 7 — £o0o. From standard elliptic estimates, the convergence holds in C?_(R?) and the limiting
functions satisfy (1.1). Furthermore, it follows from (1.3) that Ui (+o00) =1 and Uy (—o0) = 0. In
other words, the functions UL solve (3.9) with the speed csinca. From the uniqueness result for
problem (3.9), one gets that there exist two real numbers ¢4 such that Uy (s) = U(s + t4) for all
s e R.

The proof of the asymptotic behavior of u in the directions (&£ sin«, — cos «) is similar in the
case a > m/2.

Let us now prove the evenness of the solutions in the variable x, up to shift. One first considers
the case a < 7/2. Under the previous notations, call

t_ —ty
2cos a

o —

and let us show that u is symmetric with respect to the line {z = z¢}. Let a < x¢ be fixed and
define
H={(z,y) €R? x <a} and v(z,y)=u(2a —x,y).

The function v is obtained from u by symmetry with respect to the line 0H = {x = a}. One
shall now prove that v > v in H. From the limiting conditions (1.3), there exists A > 0 such that
u>1—0in HN{y > A—|z|cota} and v < § in HN{y < —A— |z| cot a}, where § > 0 was chosen
so that f is nonincreasing in (—oo,d] and [1 — d,4+00) (extend f by 0 outside the interval [0, 1]).
One can asusme that 6 < 1/2 without loss of generality. Call now

u(z,y) = u(z,y +7)

and choose any 7 > 2A. Notice that u”(a,y) > v(a,y) for all y € R since u, > 0 in R? and 7 > 0.
Observe also that u” > w on 0H N{y = —A — |z|cot a} since 7 > 2A. Since both u and v satisfy
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(1.1) and (1.3), it is easy to check that Theorem 2.1 of Section 2 can be applied to (u,u) = (v,u")
in the set Q_ = {z <a, y < —A — |z| cot a}. Therefore,

v<ulin Q_.

Similarly, one has v < u” in the set {x < a, y > —A — |z|cot a}. As a consequence, v < u” in H
for all 7 > 2A.
Call now
™ =inf {r >0, v <u in H}

and assume that 7* > 0. By continuity, the function z = 47" — v is nonnegative in H. Furthermore,
it is positive on OH (since u, > 0 in R? and 7% > 0) and it satisfies an equation of the type

Az —cOyz+b(x,y)z=0 in H

for some bounded function b. The strong maximum principle yields z > 0 in H. On the other
hand, it follows from the previous results that

z(x+r,y—|r|cota) - U(—xcosa+ ysina+t_ +7%) — U(—xcosa+ ysina+ 2acosa + )

in C2 _(R?) as r — —oo. The assumption made on a means that 2acosa +t4 <t_ <t_ +7* (one

here uses the positivity of cosa, because 0 < o < 7/2). Since U is increasing, one especially gets
that

lim inf z(z,yo — |x| cot ) > 0 for all y; < y2RR.
Yo€[Y1,y2], T——00

It then follows that there exists 7, € (0,7*) such that, for all 7 € [r,, 7"],
u >vin{r<a, —A—|z|cota <y < A-—|x|cota} and on OH.
Let 7 be any real number in [7,, 7*]. Since u is increasing in y, it follows that
w>1—0in{r<a, y>A-—|x|cota}
and Theorem 2.1 yields
v <’ in the set {z <a, y > A — |z|cot a}.

Similarly, v < u” in the set {z < a, y < —A — |z|cota}. One concludes that v < u” in H for all
T € |7, 7%], which contradicts the minimality of 7*.

As a consequence, 7F = 0 and v < v in H. Call w = u — v. The function w is nonnegative in
H and it vanishes on 0H. Furthermore,

w(z+r,y—|r|cota) = U(—zxcosa+ysina+t_) —U(—xcosa+ysina+2acosa+ty) >0

in C2 _(R?) as r — —oo (the positivity of the limit holds since U is increasing and 2a cos a+t4 < t_).
The strong maximum principle and Hopf lemma imply that w > 0 in H and w, < 0 on 0H, whence

u(z,y) >u(2a —z,y) forall z <aand y € R, wuy(a,y) <0 forall y e R,

for all a < x.
Similarly, by using the same sliding method in y, one can prove that, for all a’ > x,

u(z,y) <u(2d’ —x,y) forallz <a' and y € R, wuy(a',y) >0 forall y € R.
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Passing to the limits a — z¢ (from below) and @’ — z¢ (from above) yields that u(zg + z,y) =
u(xg — x,y) for all (z,y) € R2.

The case where a > /2 can be treated with the same type of arguments: the function u is
symmetric with respect to some line {x = x¢}, but this time one has u(z,y) < u(2a — z,y) for all
x < a<xzand u(x,y) > u(2d — xz,y) for all x < o’ and o’ > xo.

Let us now show the uniqueness of the solutions u, up to shift. Let u; and us be two such
solutions. First, up to shift in x, one can then assume that u; and us are both even in 2. Therefore,

ui(z + 1,y —|r|cota) — U(tzcosa + ysina + t;)

locally in (z,y) as r — +oo, for some t; € R, i = 1, 2. Up to shift in y, one can assume that
t; = to = 0. Let us now show that u; = ug. Call ub(z,y) = ua(x,y +t). From (1.3) and Theorem
2.4 applied to (u,w) = (u1,u2) and ¢(z) = —|z|cot a, there exists 7* € R such that u§ > u; for all
7> 7" and
inf u (z,y) — uy(x,y) = 0 for all yo € R.
y=yo—|z| cot «

If ug* and w1 touch somewhere, then they are identically equal from the strong maximum principle,
and we get the desired result. Otherwise, one has in particular

uy (x, —|x| cot @) — ui(z, —|z| cot o) — 0 as |z| — +oc.

But the limit is equal to U(7*) — U(0) because of the previous arguments. Therefore, 7% = 0 (since
U is increasing), and ug > uq.

By reserving the roles of us and w1, one concludes that either us and u; are identically equal
up to shift, or uy > wuo. In all cases, one concludes that w; and wue are equal up to shift, and
actually, because of the limiting behavior in the directions (&£ sin a, cos «), the shift is equal to 0.
That completes the proof of Theorem 3.13. U

The next theorem is a non-existence result in dimensions N > 3, under the conditions (1.3)
with o # 7/2 and under a sign assumption on f.

Theorem 3.14 Assume that f € C*([0,1]) is nonincreasing in [0,68] and [1 — §,1] for some & > 0.
Assume that f is either nonnegative or nonpositive in [0,1]. If N > 3 and if 0 < u < 1 is a solution
of (1.1) satisfying (1.3) for some a € (0,7), then o = 7/2.

Proof. Let us argue by contradiction and assume that 0 < u < 1 is a solution of (1.1) satisfying

(1.3) for some a € (0,7/2) U (7/2, 7). From Theorems 3.8 and 3.12, there exists then a, unique,

solution (c(f),U) of (3.9). Furthermore, sgn(n/2 — a) = sgn(c(f)) and ¢ = ¢(f)/sina. It is also
1

known that ¢(f) has the same sign as [ f.

0
We only consider here the case where oo < 7/2, the other case being dealt with similarly. One
then has that ¢(f) > 0 and f > 0 in [0, 1].
Set

u(z,y) =U(sina (y — ¢(r))), r=|z| (3.20)
where ¢ is a function, to be chosen later, of class C? in R such that ¢(0) = ¢/(0) = 0.
straightforward calculation shows that

Au-cu,+ flw) = sina [e(f)sina (14 0() = 6"(r) =~ 20/() ~ | Usinar (g - 6(r)

+ [1 —sin®a (1 + ¢’2(7‘))] f(u) in RV,
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We want the function u to be a subsolution of (1.1). Since ¢ = ¢(f)/sina and f > 0, it suffices
that |¢'| < cota and

N -2
"+ ——¢ — c(f)sina o + c(f)cosacota =0 in Ry, ¢(0)=¢'(0)=0. (3.21)
-
We claim that there exists a C2(R,.) solution ¢ of (3.21) such that —cot a < ¢'(r) < 0 for all r > 0,
and ¢(r) +rcota — 400 as 7 — +oo.! In RV~! let Br be the open ball centered at the origin
and with radius R > 0. Let wgr be the unique solution of the Dirichlet problem

Awg —c(f)?cos®’a wp = 0in Bgr
wr = 1on J0Bg.

Since the constants 0 and 1 are respectively strict sub- and supersolutions of this problem, we
have 0 < wr < 1 in Bgi. Using a moving plane method, we get that the function wg is radial,
wr = wr(r) = wr(|z|) and wi(r) > 0 for all 0 < < R. Let us now define the function
wr(lz]) .
zr(x) = ——== in Bp.
(@) wr(0)
This function zr = zg(r) satisfies zg > 2zr(0) = 1 in Bg, 2R(0) = 0 and 2x(r) > 0 for all
0 < r < R. From Harnack inequality, the functions (zg)g>1 are locally bounded in R¥~!. From
standard elliptic estimates and Sobolev injections, there exists a radial function z = z(r) defined in
RN~ such that zg — z in C? _(RV~1) for some sequence R = R,, — +oo. The function z satisfies

loc

z>2(0)=1, 2'(0) =0, 2(r) > 0in Ry and

//+N_2/

z 2 —c(f)?cos’a z=0 in Ry.

r

The function
In z(r)

o(r) = ¢o(f)sina
is such that ¢(0) = ¢'(0) =0, ¢(r) <0, ¢'(r) <0 in Ry and it satisfies

N -2
¢" + TW—C(JC) sin «v ¢'2+c(f)cosozcota =0 in Ry,

that is to say equation (3.21). Notice also that ¢ is of class C°*°(0, +00).

Let us now prove that —cota < ¢'(r) < 0 for all » > 0. Suppose first that there exists ro > 0
such that ¢” > 0 in [rg,+00). By (3.21), the function ¢” cannot be identically 0 in [rg, +00)
(otherwise, by (3.21), ¢’ should be a nonzero constant, this is impossible because of the term
(N —2)/r ¢'). Hence, the function ¢’ has a limit ¢’'(4+00) such that ¢/(rg) < ¢'(+00) < 0. By
(3.21), the function ¢” has then a limit ¢”(+o0), which turns out to be 0 since ¢'(+00) is finite.
Finally, equation (3.21) at oo gives

¢ (+00) = — cot av.

Since ¢'(rg) < ¢'(+00) and ¢'(0) = 0, there exists then a real number r; > 0 such that ¢'(r1) <
—cota and ¢”(r1) = 0. This is in contradiction with equation (3.21) at the point 1. Hence, we

!Notice that, in dimension N = 2, the function ¢(r) = —(1/c(f)sin @) Incosh(c(f)r cos @) is the unique solution
of (3.21) such that —cota < ¢’ < 0 in RT. Besides, ¢(r) +rcot o — (In2)/(c(f)sin ) as r — +oo. The situation is
then very different in dimension 2 from higher dimensions.
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just proved that for any 9 > 0, there exists a real ; > rg such that ¢”(r1) < 0. Let us now assume
that there exists a real g > 0 such that ¢”(rg) > 0. First of all, from equation (3.21) at the point
0, and since ¢'(0) = 0, we have ¢"(0) = —c(f)cos?a/((N — 1)sina) < 0. In particular, we have
ro > 0. From the previous arguments, there exists 1 > 79 such that ¢”(r1) < 0. Hence, there
exists a real number 79 € (0,71) such that ¢”(r2) > 0 and ¢”'(r2) = 0. On the other hand, we have

N-2, N-2
r

¢/// + 5 qb/ — QC(f) sin o gb,qf)// =0 in (O, +OO).

r

At the point re, we have ¢”(r2) > 0 and ¢/(r2) < 0 (by definition of z and ¢), and all terms in the
previous equality (at r = ry) are nonnegative. But ¢”(r2) and ¢'(r2) cannot be both 0 because of
(3.21). Hence, we have reached a contradiction. That proves that ¢” < 0 in R, whence ¢'(r) < 0
for all » > 0. Furthermore, it follows from (3.21), together with the negativity of ¢” and the
nonpositivity of ¢’ in R, that

c(f)sina ¢ < c(f)cosacota in Ry,

whence, eventually, ¢’ > —cota in R .

+oo
Suppose now that the integral / (¢'(r) + cot a)dr is finite. By (3.21), we get
0

-2

0= _/1+oo {¢”+NT_2(¢’+cota) _N cota — c(f)sina (¢’ + cot a)?

+2¢(f) cosa (¢ + cot a)] dr.

+oo
In the right hand side, all the integrals converge but / cot a dr (notice that we here use
1

,
the fact that N > 3 and a # 7/2). We get a contradiction. As a conclusion,

/Jroo(qb’(r) + cot a)dr = +oo
0

and ¢(r) + rcot « — 400 as r — +00.
The function 0 < u < 1 defined by (3.20) is then a subsolution of (1.1) and it is such that

limsup  u(z,y) =0

y+|z| cot a——o0

because ¢(r) > —rcot o in Ry and U(—o00) = 0. Since 0 < u < 1 satisfies (1.1) and (1.3), Theorem
2.4 yields the existence of 7* € R such that u(x,y + 7*) > u(z,y) in RY and

YV yo € R, inf u(z, —|z|cota+ 77 +yo) — u(x, —|z|cot o +yo) = 0. (3.22)
z€RN—

Because of (1.3), one can choose yy such that u(z,y) > 1/2 for all y > —|z|cot o + 7* + yo. But
one has

u(x, —|z|cota+yo) = U(sina (—|z|cota+yo — ¢(|x])) — 0 as |x| — +o0

because ¢(r)+r cot a — +o0 asr — +oo and U(—o0) = 0. Therefore, (3.22) implies that u(x, y+7*)
and u(z,y) touch somewhere. The strong maximum principle then yields u(z,y + 7%) = u(z,y) in
RYN. But this is impossible, for instance for y = —|z| cot a + yg as |z| — +oo.

That completes the proof of Theorem 3.14. g
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4 Existence results in dimensions 2 and higher, for combustion-
type or bistable nonlinearities

After the qualitative properties in Section 3, we are here concerned with the existence of solutions
of (1.1) under some conical conditions at infinity. We first quote an existence result for combustion-
type nonlinearities, and we then prove the existence of solutions in the case where the function f
is bistable.

4.1 Combustion nonlinearities

We quote here without proof a result from [A. Bonnet and F. Hamel, Existence of non-planar
solutions of a simple model of premixed Bunsen flames, SIAM J. Math. Anal., 31 (1999), pp. 80—
118] and [F. Hamel, R. Monneau and J.-M. Roquejoffre, Stability of conical fronts in a combustion
model, Ann. Sci. Ecole Normale Supérieure 37 (2004), pp. 469-506].

Theorem 4.1 If f satisfies (1.2), if N = 2 and « € (0,7/2], then there exists a solution (c,u) of
(1.1) with the conical conditions (1.3).

The proof is rather lenghty and involves several techniques: first, one solves equivalent problems
in bounded rectangles such that the ratio between the y-length and the z-length approaches cot o
as the size of the rectangles goes to infinity. One imposes Dirichlet conditions 0 and 1 respectively
on the lower and upper sides, and oblique Neumann boundary conditions on the vertical sides.
By proving some a priori estimates, one passes to the limit in the whole plane R?. Furthermore,
by using a sliding method, one can prove that the solutions are decreasing in any unit direction
(T2,7y) € R? such that 7, < —cosa. The difficulty is to show the asymptotic conditions (1.3) at
infinity. One especially makes several uses of the sliding method in several orthogonal directions
and one proves that the weaker conditions (3.16) are fulfilled. One then uses some results on related
free boundary problems to get (1.3). Notice finally that all qualitative properties stated in Section
3 hold (especially, u is unique and even in z up to shift, and ¢ = ¢(f)/sina, where ¢(f) > 0 is
the unique speed for problem (3.9) —problem (3.9) is known to have a solution for a combustion
nonlinearity f satisfying (1.2)).

4.2 Bistable nonlinearities

The following result, from [F. Hamel, R. Monneau and J.-M. Roquejoffre, Existence and qualitative
properties of multidimensional conical bistable fronts, Disc. Cont. Dyn. Systems (2005), to appear],
states the existence of cylindrically symmetric solutions of (1.1) and (3.3) in any dimension N > 2
for a bistable nonlinearity f satisfying (1.4).

1
Theorem 4.2 Assume that f satisfies (1.4) and/ f > 0. In any dimension N > 2 and for any

0
a € (0,7/2], there exists a solution (c,u) of (1.1) and (3.3) of the type u(z,y) = a(|z|,y), and any
level graph ¢y satisfies
& - Vor(zr) — —cota as |x| — +oo.

Furthermore, O, u(|z|,y) > 0 for all x #0 and y € R.

Remark 4.3 From the results of the Section 3, w is decreasing in any unit direction (75,7y) €
RN=1 x R such that Ty < —cosa, and u is asymptotically planar along its level sets. Furthermore,
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1
¢ =c(f)/sina. Notice that the assumption / f > 0 implies that c¢(f) > 0, and that the condition
0

1
a < /2 is then necessary (Theorem 3.12). If one assumes f > 0, then the conclusion of

0
Theorem 4.2 holds with o € [ /2,7), but Oy u(|z|,y) <0 for all z # 0 and y € R. The case where

1
/ f =0 is mentionned at the end of this section.
0

This subsection is devoted to the proof of Theorem 4.2.
Proof. Notice that when ae = 7/2, the function u(z, y) = U(y) satisfies all properties of Theorem 4.2,
where U is the unique solution of (3.9). Therefore, one can assume in the sequel that aw < 7/2. The
proof is based on the existence of solutions of some approximate problems in bounded cylinders.
Then, a passage to the limit in an infinite cylinder in the direction y gives the existence of a solution
of (1.1) with suitable conditions on the boundary of the cylinder. A second passage to the limit in
the whole space RY provides the existence of a solution u of (1.1) satisfying (3.3).

First, let R and L be two positive real numbers and call

Oftl = Br x (~L, L),
where Bp is the open euclidean ball of RN~! with radius R and center 0. Call

_ <)

sina’

where ¢(f) is the unique planar front velocity, for problem (3.9). From [9], we know that, for all
a > 0, there exists a unique solution (cq,ug) of

ull — cqul, + f(ug) =0 in [—a,a], uq(—a) =0, ua(0) =0, ug(a) =1, (4.1)

where u, is of class C%([—a,a)), 0 < uy < 1in (—a,a), v/, > 0 in [~a, a]. Furthermore, as a — +oo,
ca — c(f), and ug — U(-+ U71(0)) in C*’(R) for all 0 < B < 1. Consider now the following

loc
problem
Au—cuy+ f(u) = 0 in QL (4.2)
u(z,y) = up(y) on IQRL, |

where uy, is the solution of (4.1) in the interval [—L, L] (namely with a = L). The constant function
0 is clearly a subsolution of this problem. On the other hand, the function uy (z,y) = ur(y) satisfies

Aup, — cOyur, + f(ur) = (cp —c)u, <0 in Qg

for L large enough (indeed v} > 0in [-L, L] and ¢;, —c — ¢(f) —c(f)/sina < 0 as L — +00). In
the sequel, one assumes that L > 0 is large enough so that c¢;, — ¢ < 0. There exists then a classical
solution uf of (4.2) such that

0 <uf*(z,y) <wup(y) forall (z,y) € Qrr.
The strong maximum principle then yields

0 <uE(z,y) <ur(y) (< 1) forall (z,y) € QL. (4.3)

38



We now claim that v/ is then unique and increasing in the variable y. The proof is based on
a sliding method, which we detail here. For A € (0,2L), call Q) = Bgr x (—L,—L+ \) and

un(@,y) = u(z,y + 2L — ).

Both functions u/* and uy are then defined and continuous (at least) in €, and they are of class

C? in Q. From the boundary conditions of u% at y = +L, it follows that u/*’ < uy in Q, for
A > 0 small enough. Set

A" =sup{\ € (0,2L), u* < w, in Q, for all x € (0,\)} >0
and assume that \* < 2L. One has ufL < uy« in Q) and there exists (x,y) € Q,~ such that
w2, y) = un-(2,y) = ™" (2, y + 20 — X).

If (z,y) € OBr x [-L,—L + \*], then ur(y) = ur(y + 2L — \*), which is impossible because up,
is increasing and 2L — \* > 0. If y = —L and = € Bpg, then 0 = up(—L) = uf**(z,~L) =
uftF(z, L — \*), which is impossible because L — A\* > —L, whence u/**(z, L — A\*) > 0 by (4.3).
Similarly, the case where y = —L + \* and = € Bpg is impossible. Therefore, (z,y) € Q)«. The
function

2z =uy. —ulol

is nonnegative and continuous in -, and of class C? in y~. Furthermore, z satisfies an inequation
of the type
Az —czy + ((z,y)2 <0 in Qy-

for some bounded function {. Since z vanishes at the interior point (z,y) € Q)+, the strong
maximum principle then yields z = 0 in Qy~. But one can check as above that z > 0 on 9)y-.
One has then reached a contradiction. As a consequence, A* = 2L and u is then increasing in the
variable y in Q&L

If v is another solution of (4.2) satisfying (4.3), then slide v in y and compare it with «®*. One
can prove as above that v > u” in Q&L. Reversing the roles or v and v’ implies that v/’ is
actually unique.

Let us now prove that the function w
L (|z|,y), and that

R.L only depends on |z| and y, namely u®l(z,y) =

8‘x|ﬂR’L(]x],y) >0 forall 0 < |z| < Randye (—L,L).

To do so, fix a unit vector e in RV~1 and, for a € [0, R), call w, = {x € Bg, = -e > a}. Let now
ug be the function defined in W, x [—L, L] by

ua(xa y) = uR’L(l’ + 2(CL - 6)6, y)

The function u, is the orthogonal reflection of the function u with respect to the hyperplane
H, = {x ¢ RV=!, 2 .¢ = a}. The function v, is still a solution of Au, — cOytq + f(ug) = 0 in
wq X (=L, L). Furthermore, because of (4.3) and since u®" and uy, are increasing in y, it is easy
to prove, with the same sliding method as above, that

ug < vl in wy x [—L, L.
Moreover, if a > 0 and (x,y) € (Ow,\H,) x (—L,L), one has (z+2(a—x-e)e,y) € QL whence

uo(z,y) = u (2 4+ 2(a — z - e)e,y) < ur(y) = u(z,y).
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The strong maximum principle then yields u, < u* in w, x (=L, L). But since u, = u>” on
(BRNH,) x (=L, L), it follows from Hopf lemma that

e-Vyug <e-Vyu on (BRNH,) x(—L,L).
Owing to the definition of wu,, one has e - V,u, = —e - V. uftl whence e - Vyutr > 0 on (Br N

H,) x(—L,L). On the other hand, the case a = 0 implies that u, < w in wg X [-L, L]. By choosing
—e instead of e, one gets that

u(z,y) = ufE(z — 2(z - e)e,y) for all (z,y) € Qp.r.

Since e was an arbitrary unit vector in RVN~!, one concludes that

R,L ~R,L(

ut = at(|xly)

only depends on |z| and y. The monotonicity in |z| follows from the above arguments. Notice
furthermore that, since uy, is a supersolution of (4.2) and w/** < up in Qg 1 with equality on
OR, 1, the Hopf lemma actually implies that 0\, (R,y) > 0 for all y € (=L, L).

Next, one shall pass to the limit as . — +o00. From standard elliptic estimates and diagonal
extraction process, there exists a sequence (L )nen — +00 such that uffn — uft in Cfof(FR x R)
for all 0 < 3 < 1, where u’ solves

R_ R Ry _ '
{ Au™ — cOyu' + f(u'™) 0 in Bgp xR (4.4)

uf(z,y) = U(y) on dBgxR.

Furthermore, 0 < uf* < U(y) in Br x R because of (4.3) and because u;, — U in C?_(R) as

L — +00. Since uf* = U(y) > 0 on dBR x R, the strong maximum principle then yields uf* > 0 in
Bpg x R. Similarly,

u(z,y) < U(y) for all (z,y) € Bg xR (4.5)

because U is a strict supersolution of (4.4).

By passage to the limit, the function u’ is nondecreasing in y and since u” is increasing in y
on OBr x R, it follows from the strong maximum principle that «? is increasing in y in the whole
cylinder Bg x R. Similarly, the function u’ is a function of |z| and y only, namely

R

uB(x,y) = af'(|z|,y) in Bg x R

and @t is nondecreasing in |z|. Let e be a given unit direction of R¥=1. Under the same notations
as above, one then has

uf'(z 4 2(a —z - e)e,y) < uli(z,y) forall (z,y) €y x R

and for all 0 < a < R. Furthermore, if a > 0, the above inequality is strict on (Owg\Hg) X R
because of (4.4) and (4.5). The strong maximum principle and the Hopf lemma then imply that
uft(z +2(a —x - e)e,y) < uf'(z,y) in wy, x R and e- Vu? > 0 on (Br N H,) x R, provided a > 0.
Therefore, one concludes as above that 8, > 0 for all 0 < |z < R, and also for |z| = R.

From the monotonicity of uf* in y, there exist two functions uf defined in Bg such that
ufi(z,y) — uli(x) = af(|z|) as y — Foo. Furthermore, the convergence holds in Cif(?R) (for all

0 < B < 1) from standard elliptic estimates. The functions uﬁ satisfy

Aufl + f(ull) =0 in Bp

40



and 0 < uft <uff < lin Bg. Since uf*(x,y) < U(y) in Bg x R and U(—o00) = 0, one immediately
gets that uff = 0 in Bg. On the other hand, uf!(z) = U(+00) =1 for all z € dBg. The function
v(r) == @ (r) satisfies

N -2

V" (r) + V'(r)+ f(v(r)) =0, 0<r <R,

0<v<1,v">0in[0,R], v (0) =0 and v(R) = 1. Multiply the above equation by v’ and integrate
in [0, R]. It follows that
1
2 +/ f(s)ds <0,
v(0)
1

whence f < 0. It follows from the profile of f that v(0) = 1 (remember that f satisfies (1.4)
v(0)

and / f >0). Consequently, v =1 and uf =1in Bpg.
0

Let now (R,) be a sequence converging to +oco and let u,, = u™. Up to a shift in the y variable,
one can assume that u,(0,0) = 6/2, where 6 € (0,1) was given in (1.4). From standard elliptic
estimates, the functions w, converge in C; 2,8 (RN) (for all 0 < 3 < 1), up to extraction of some
subsequence, to a solution u of (1.1) such that 0 < u <1, u(0,0) = 6/2, u, > 0,

u(z,y) = u(|z], y)

with 0, u(|z,y) = 0 for all (z,y) € RN-1 x R. Since the function u is not constant (because
f(0/2) #0), it follows then from Theorem 3.6 that u satisfies all the properties listed in Theorem
3.3. The fact that & - V¢,(z) — —cota as |z| — 400 for all A € (0,1) is then a consequence of
Proposition 3.9. Lastly, the positivity of 0,u(|z|,y) for all x # 0 and y € R follows from the strong
maximum principle and Hopf lemma, because a # 7 /2.

That completes the proof of Theorem 4.2. O

4.3 More existence results

Actually, we can make Theorem 4.2 more precise. In dimension N = 2, the solution u satisfies
(1.3) and the level graphs ¢, converge exponentially to the straight lines which are parallel to
{y = £z cota} (see [30]). This existence result also holds for more general functions f satisfying

1/(0) <0, f/(1) < 0 and / f>0forall 0 <s<1 (see [43]). As a matter of fact, the existence of

solutions (c,u) of (1.1) with the asymptotic conditions (1.3) had been known in dimension N = 2

for angles o < m/2 and close to 7/2 (see [21, 32]) with a proof based on a center manifold reduction.

Such solutions are examples of corner defects, under the terminology of Haragus and Scheel [32].
In dimension N > 3, the solutions u constructed in Theorem 4.2 do not satisfy (1.3). Namely,

oa(z) + |z|cota ~ kyIn|z| as |z| — 400,

with ky € (0, +00) (see [30]).
We also refer to Section 5 for further classification results of all solutions of (1.1) satisfying
(3.2).

When f is of the bistable type (1.4) and has zero integral in (0, / f = 0), then, for any

c >0 and N > 2, there exists a solution u(z,y) = @(|z|,y) of (1.1) such that u, > 0 in RY,
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Ozjt(|z],y) > 0 for all z # 0, u(zr,y) — 1 as y — +oo uniformly in z, and u(z,y) — 0 as
y — —oo locally in z. See recent results in [18]. Furthermore, in dimension N = 2, each level graph
{y = éx(z), x € R} is such that

oa(x) ~ —cosh(24/ f'(1)x) as |x| — +oo,
for some k € (0, +00) which is independent of A € (0,1). In dimension N > 3, one has
oa(x) ~ —clz|?/(2(N - 2)) as |z| — +oo.

We then see that, unlike for the solutions of Theorem 1.4, the level graphs ¢, are not Lipschitz
continuous anymore and the solutions u do not satisfy (3.3) anymore. Notice that when ¢ < 0,
similar results can be obtained, by changing y into —y in the previous statements.

When f(s) = u(l —u)(u — 1/2), a well-known conjecture of De Giorgi [19] asserts that all y-
monotonic solutions of (1.1) with ¢ = 0 are planar at least in dimensions n < 8, namely there exist
a unit vector a € R™ and a function g : R — [—1,1] such that u(z,y) = g(a- (x,y)) for all (z,y) —
in this conjecture, the radial symmetry in = is not assumed. This conjecture was proved recently
by Savin [49] (see also [1, 3, 24]). More general nonlinearities f of the bistable type can also be
considered. Thus, the recent results of [18] show that the conjecture of De Giorgi does not hold as
soon as there is a transport term cu, in the equation (1.1), with ¢ # 0, in any dimension n > 2.
Similarly, the parabolic analogue of the conjecture of De Giorgi does not hold in any dimension

1
n > 2, namely, with a bistable nonlinearity f satisfying (1.4) and / f =0, problem (1.5) admits
0

non planar solutions of the type v(¢,z,y) = u(|z|,y — ct).

5 Further classification results

In this section, we get further classification results in dimension N = 2 for all solutions of (1.1) and
(3.21) under the assumption that there exists a solution with asymptotic conditions (1.3). Then,
we mention some additional results in dimensions N > 3.

Theorem 5.1 Assume that f € C1([0,1]) is nonincreasing in [0,8] and [1 — §,1] for some § > 0.
Assume that there exists a, unique, solution (c(f),U) of (3.9), that c¢(f) > 0 and that, for each
a € (0,7/2], there exists a solution (cq,uq) = (c(f)/sina,uq) of (1.1) and (1.8) in dimension
N =2.

Let 0 < u <1 be a solution of (1.1) in dimension N = 2 and assume that (3.2) is satisfied for
some Lipschitz function ¢ : R — R. Under the notations of Theorem 3.3, all level graphs ¢y of u
have the same Lipschitz norm denoted by cot o with o € (0,7/2]. Then either u is a planar front
u(z,y) =U(txcosa+ysina+ 1) (for some 7 € R), or u is equal to uq up to shift.

Proof. First, all conclusions of Theorems 3.3, 3.8 and Proposition 3.9 (part 2bis) apply. Namely,
the function u is decreasing in any unit direction (7, 7,) € R? such that Ty < —cosa, where o €
(0,7/2] is such that all level graphs ¢, of u have their Lipschitz norm equal to cot c. Furthermore,
¢ =c(f)/sina and either u is a planar front u(x,y) = U(£x cosa + ysina + 7) (for some 7 € R),
or

Ph\(z) — Feota as x — +oo for all A € (0,1) (5.1)

and
w(z + 7,y + da(r)) — Uz cosa + ysina + U1(N)) as 7 — +oo, in CE.(R?). (5.2)
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Lastly, Theorem 3.12 implies that a < 7/2. In the case where u is a planar front, then we have got
the desired conclusion. Therefore, one can assume that (5.1) holds. Moreover, if & = 7/2, then the
level graphs ¢, are all flat, namely the function w is planar and only depends on y; up to shift, it
is then equal to Ul(y), i.e. uy/s.

One can then assume in the following that (5.1) holds with o € (0,7/2). Because of (3.3) and
the monotonicity properties recalled above (see Theorem 3.3), we get that

limsup  wu(z,y) =0.
y+|z| cot a——o0
We shall now prove that w and u, are equal up to shift. Notice first that v and wu, satisfy the
euqation (1.1) with the same speed ¢ = ¢(f)/sina. From Theorem 3.13, the function u,, solving
(1.1) and (1.3), is unique up to shift, and one can assume without loss of generality that it is even
in 2, namely uq(z,y) = ua(—z,y) for all (z,y) € R%2. From Theorem 3.13, one can also assume
without loss of generality that uq(z+7,y—|r| cot ) — U(£x cos a+ysina) in C3 (R?) as r — Foo0.
Since u,, satisfies
lim sup ua(z,y) =1,
y+|z| cot a—+oo
Theorem 2.4 of Section 2 can then be applied to v = w and @ = u,, and ¢(x) = —|z|cota.
Therefore, there exists 7 € R such that

u(z,y) < u(x,y +7%) for all (z,y) € R?

and

inf gz, y+ 1) —u(z,y) =0 (5.3)
y=B—|z|cot

for all B € R. But

{ ug(x, B —|z|cota+71*) — U((B+7")sina) >0

uw(z,B — |z|cota) — wus(B) as & — £00. (5.4)

where the limits uy (B) exist because u is nonincreasing in both directions (= sin «r, — cos ) and
satisfy uy (B) € [0,1) because u(0, B) < 1. From now on, let us fix B = 0, and define uy = u4(0).
According to the values of u4, four cases may occur:

Case 1: u— = uy = 0. It follows from (5.3) and (5.4) that uq(zo,yo + 7°) = u(wo, yo) for some
(w0, 0) € R2. Since both functions u,(,- + 7*) and u are ordered and satisfy the same equation
(1.1), the strong maximum principle then yields u,(z,y + 7*) = u(x,y) for all (z,y) € R2. This is
impossible because of (5.4) and the assumption u_ = uy = 0.

Case 2: 0 <u_ <1 and uy = 0. Choose any real number py and call

w(w,y) = ua(z + po,y + po cot a).

With the same arguments as previously, there exists then a real number ¢ = #(py) such that
u(x,y) < w(z,y+t) for all (x,y) € R? and such that (5.3) holds, with w and ¢ instead of u, and 7*.
Since u(zx,y) # w(z,y+1t) because of the different asymptotic limits in the direction (sin o, — cos «),
it then follows that

w(z, —|z|cota +t) — u(x, —|zr|cota) —» 0 as x — —o0,
whence U (tsina) = u_. Similarly,

uq(x, —|z| cot a + 7) — u(x, —|z| cota) - 0 as x — —o0
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yields U(7*sina) = u_. As a consequence, U(tsina) = U(7*sina), i.e. t = 7* does not depend on
po and
u(z,y) < ua(x + po,y + pocota+ 1) for all (z,y) € R? and py € R.

Passing to the limit as pg — —oo implies, that
u(z,y) < U(—xcosa +ysina + %) for all (z,y) € R?.

Therefore, each level graph ¢, of u is above a translate of the line y = x cot o, which is in contra-
diction with (5.1). Case 2 is then ruled out.

Case 3 u_ =0, 0 < uy < 1. The same arguments as in Case 2 lead to a contradiction.

Case 4: 0 < uyx < 1. It then follows from (5.2) that

sup |pa(z) + |z| cot a] < +o0
zeR

for all A € (0,1). Hence, the function u satisfies (1.3) and Theorem 3.13 implies then that w is
equal to u, up to shift. That completes the proof of Theorem 5.1. O

Remark 5.2 In the case where c(f) < 0, the same conclusion as in Theorem 5.1 holds by changing
a € (0,7/2] into o € [7/2,7).

From the existence results mentionned in Section 4, the assumptions of Theorem 5.1 are fulfilled
1
if f satisfies (1.2) or if f satisfies (1.4) with / f>0.
0

In dimension N > 3, one can get a classification result of all solutions of (1.1) and (3.2) for

a bistable nonlinearity under an assumption of cylindrical symmetry. Namely, if f satisfies (1.4)
1

and f > 0 (the case where the integral has a negative sign can be treated similarly), and if

0
0 <wu(z,y) =u(|x|,y) < 1is a solution of (1.1) such that

liminf  w(z,y) > 6, limsup wu(z,y) <6, (5.5)
y—¢(|z|)—>+o0 y—¢(|z|)—>—o0

for some Lipschitz continuous function ¢ : R4 — R, then ¢ > c(f) and, up to shift, u is equal
to the solution u, constructed in Theorem 4.2 with oo = arcsin(c(f)/c) € (0,7/2]. Here, ¢(f) > 0
denotes the unique speed solving (3.9). Furthermore, the same result holds if, instead of (5.5), one
assumes that ¢ > 0, u # 0, infgy u < 0, uy > 0 and 9,ya(|z],y) > 0 in RY.

6 Stability issues

This section deals with the global stability of the solutions u of problem (1.1) under asymptotic
conditions of the type (3.2). We will also state more precise results in dimension N = 2 under the
assumption of the existence of solutions satisfying (1.3).

Another way of formulating this question of the stability is to ask the question of the convergence
to the travelling fronts u(z,y + ct), or to some translates of them, for the solutions v(t, z,y) of the
Cauchy problem

{ vi=Av+ f(v), t>0, (z,y) € RV,

v(0,2,y) = vo(x, y) given, 0 < vy < 1 (6.1)

44



where vg(z,y) is close, in some sense to be defined later, to a translate u(- + a,- + b) of a solution
u of (1.1).

There are many papers dealing with the stability of the travelling fronts for one-dimensional
equations of the type (1.6) with various types of nonlinearities f (see e.g. [2], [13], [22], [35], [47],
[48]), or for wrinkled travelling fronts of multidimensional equations in infinite cylinders (see [§],
[40], [44], [45], [46]), or lastly for planar fronts in the whole space (see [37], [52]). However, the
question of the stability of the solutions of the N-dimensional problem (1.1) under conical conditions
of the type (1.3) or (3.2), is more involded. As already emphasized, the travelling fronts u(x,y + ct)
are special time-global solutions of (6.1) which are stationary in the frame moving downwards with
speed ¢ (or upwards with speed |c| if ¢ < 0). Therefore, the question of the global stability of these
travelling waves and the question of the asymptotic behaviour for large time of the solutions of the
Cauchy problem (6.1) starts from the study of the global attractor of equation (6.1) under some
fixed asymptotic conditions in a moving frame.

The next theorem states that, under the same type of assumptions on f as in Sections 3 to
5, the travelling waves are the only time-global solutions of (6.1) satisfying some fixed asymptotic
conditions. The proof of this Liouville type result will be based on the general comparison principles
proved in Section 2.

Theorem 6.1 Assume that f is of class C*([0,1]), nonincreasing in [0,8] and in [I — &,1], for
some 0 > 0. Let 0 < wv(t,x,y) <1 be a time-global solution of the equation

ve = Av+ f(v) forall (z,y) € RY andt € R (6.2)
and assume that
lim inf v(t,z,y —ct) =1, limsup  wv(t,z,y —ct) =0, (6.3)
y—¢(xz)—+o0, tER y—o(xz)——o0, tER

for some continuous function ¢ : RN"! — R. Then there exists a solution u of (1.1) and (3.2)
such that
o(t,x,y) = u(x,y+ ct) for all (x,y) € RY andt € R.

Proof. Notice first that all functions u;, u,, Ug,z; are of class C%P (Rx RN ) from standard parabolic
estimates, for all § € [0,1). Furthermore, the conditions (6.3) and the strong parabolic maximum
principle imply that 0 < v(¢,z,y) < 1 for all (¢,z,y) € R x RV,
Set
u(t,z,y) =v(t,x,y — ct)

and let us prove that u does not depend on time t. The function u satisfies

up = Au — cuy, + f(u) for all (z,y) € RY and t € R. (6.4)

Choose now any s € R, and call
w(t,z,y) = u(t +s,2,y).

Theorem 2.4 can be applied to u = u and © = w and there exists then 7* € R such that
u(t,z,y) < w(t,z,y+7) forall (t,z,y) € R x RN and 7 > 7*
and

VyeR, inf t,x, +7°) —u(t, x, =0.
y . - w(t, z,¢(x) + 77) — u(t, z, ¢(z)
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Notice indeed that 7% > —o0, because w(t,z, —00) = 0 for all (¢,z), while u(t,xz,y) > 0 for all
(t,z,y). Let us now prove that 7* < 0. Assume 7" > 0. As in the proof of Theorem 2.4, there
exists a sequence (tg, ) € R x RV~ such that

u(ty + 5, 2, (@) +77) — ulty, Tr, ¢(2)) = w(t, Tp, P(xr) +77°) —u(ty, zx, d(xr)) — 0 as k — 400

and the functions

converge in CL _in t and C}_ in (x,y) to a solution 0 < U(t,z,y) < 1 of (6.4) such that

loc
Ult,z,y) Ut +s,z,y+7%) forall (t,z,y) € R x RY,
with equality at (0,0,0). Furthermore,

liminf U(¢,0,y) =1, limsup U(t,0,y) =0 (6.5)
y—+oo, teR y——o0, tER
because of (6.3). From the strong parabolic maximum principle, one gets that 0 < U(t,z,y) < 1
for all (t,z,y), and U(t,z,y) = U(t +s,z,y +7*) for all t < 0 and (z,y) € RY. As a consequence,
U(—ns,0,—n7*) = U(0,0,0) > 0 for all n € N. But U(—ns,0, —n7*) — 0 as n — +o00 because of
(6.5) and because 7* is assumed to be positive. One has then reached a contradiction.
Therefore, 7* < 0, whence

u(t, z,y) < w(t,z,y) =u(t+s,x,y) forall (t,z,y) € R x RV,

since this last property holds for all s € R, one eventually concludes that u does not depend on
time ¢, and therefore the conditions (3.2) are fulfilled, because of (6.3). That completes the proof
of Theorem 6.1. g

Theorem 6.1 immediately yields the following Liouville type result for the solutions v of (6.2)
which are trapped between two travelling fronts satisfying the same conditions (3.2).

Corollary 6.2 Assume that f is of class C*([0,1]), nonincreasing in [0,0] and in [1 — 6,1], for
some § > 0. Let 0 < u(x,y) <1 be a solution of (1.1) satisfying (3.2) for some continuous function
¢ : RVN=1 R, If0 < w(t,x,y) <1 is a time-global solution of (6.2) and if there exist (a,b) and
(a',t') € RN=1 x R such that

u(x +a,y+ct +b) <v(t,x,y) <ulx+ad,y+b) foral (t,x,y) € R x RY,

then v is a travelling front with the speed ¢, namely v(t,z,y) = V(x,y + ct) for some solution V of
(1.1) and (3.2).

Notice that, in the case where N = 2 and w satisfies (1.3), then the function V' would itself be
a translate of u, from Theorem 3.13. However, this property is not clear in general.

Another consequence of Theorem 6.1 is the characterization of all elements of the w-limit sets
of some initial conditions in dimension N = 2.

Corollary 6.3 Assume that f is of class C*([0,1]) and satisfies f'(0) < 0, f/(1) < 0. Let N =2
and assume that there exists a solution 0 < u(z,y) < 1 of (1.1) satisfying (1.3) for some a €
(0,7/2]. Let v(t,z,y) be a solution of the Cauchy problem (6.1) such that

0<wvyo<u inR> and liminf vo(x,y) >0, (6.6)

y+|z| cot a——+o0
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where 6 € (0,1) and f > 0 in (0,1). Then, for every sequence t, — 400, there exist a subsequence
tp — +o0o and (a,b) € R? such that

V(ty +t, 2,y — cty —ct) — u(z +a,y+b) locally uniformly in (t,z,y) € R3 as n/ — +oo.
Proof. The functions wy (¢, z,y) = v(t, + t,z,y — ct, — ct) solve
Oywpn = Awy, — cOywy, + f(wy) (6.7)

for t > —t,,. Furthermore, since v is a solution of (1.1), the parabolic maximum principle implies
that

wﬂ(?ﬁ,l‘,y) S U((L‘,y)

for all (x,y) € R? and for all t+ > —t,,. On the other hand, because of the second inequality in (6.6)
and because vy is nonnegative, there exist n € (6, 1] and sp € R such that

Y(z,y) € R?,  wo(z,y) > max(H (+zcosa + ysina + s9)) = H(|z| cosa + ysina + sg),
where H(s) =01if s < 0 and H(s) =n if s > 0. Therefore,
Yt > —t,, Y(z,y) € R?,  w,(t,z,y) > max(w (t, +t,2,9),w (t, +t,2,7)),
where the functions w* solve equation (6.7) with initial conditions
w*(0,z,y) = H(xx cos a4 ysina + sp).

Consider the function w*. Since equation (6.7) is invariant by translation and since w* (0, -, -) only
depends on the variable s = xcosa + ysina, so does wt(t,-,-) at any time ¢ > 0. Therefore,
wh(t,z,y) can be written as wt (¢, z,y) = W*(t,s) where W+ solves

{ W, = WL —e(HWS +f (W)
W*(0,s) = H(s+ sp).

Here ¢(f) denotes the unique speed for problem (3.9). Remember that the existence of u solving
(1.1) and (1.3) with « € (0,7/2] implies that ¢ = ¢(f)/sina and ¢(f) > 0 (from Theorems 3.8 and
3.12). Because of the well-known stability results for the one-dimensional front U, it follows that
W (t,s) — U(s + s1) uniformly in s € R as ¢t — +o0, for some s; € R, where U is the solution
of (3.9). By symmetry in the z-variable, it also follows that w™ (¢, z,y) — U(s' + s1) uniformly in
(x,y) € R? as t — +oo, where s’ = —z cosa + ysina. Consequently,

V(t,z,y) € R3, limJirnf Wy (t, z,y) > max(U(£zcosa + ysina + s1)).
n—-roo

Eventually, from standard parabolic estimates, there exists a subsequence n’ — +oo such that
the functions w,s converge locally uniformly in R x R? to a classical solution w(t,z,y) of w; =
Aw — cwy + f(w) such that

max(U(tzcosa+ysina+ s1)) < w(t, z,y) < u(z,y)

for all (¢, z,y) € R3.

The function v(t,z,y) = w(t,z,y + ct) then satisfies (6.2) and (6.3) with ¢(x) = —|z|cot a.
Theorem 6.1 yields that v(t,x,y) = z(z,y + ct), for some solution z of (1.1) satisfying (1.3), and
Theorem 3.13 implies that z is a translate of w. O
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Remark 6.4 The assumptions on f and u are especially satisfied if f is of the bistable type (1.4)
1
and zf/ f>0.
0

Furthermore, with the same arguments, one can easily check that Corollary 6.3 holds if o €
[7/2,7) and if (6.6) is changed into:

u(z,y) <wvo(z,y) <1 and  limsup  v(z,y) <9,

y+|z| cot a——o0

where 6 € (0,1) and f is negative in (0,6).

Lastly, in the case where f is of the combustion type (1.2), Corollary 6.3 still holds, because of
the convergence to planar travelling fronts for the solutions of vy = vy + f(v) with step-like initial
conditions of the type H(x) as above.

A consequence of Corollary 6.3 is that, if vy satisfies (6.6), then the w-limit set w(vp) is made
up of travelling waves. Condition (6.6) is especially satisfied when vy lies between two translates
of a solution u of (1.1) and (1.3). But, even under condition (6.6), the w-limit set w(vp) of vy may
well be a continuum, and one may ask for sufficient conditions for w(vy) to be a singleton. This is
the purpose of Theorem 6.5 below.

Theorem 6.5 Assume that f is of class C1([0,1]) and satisfies: either f'(0) <0 and f'(1) <0, or
f is of the type (1.2). Let N = 2 and assume that there ezists a solution 0 < u(x,y) <1 of (1.1)
satisfying (1.3) for some a € (0,7/2) U (7w/2, 7). Let v(t,x,y) be a solution of the Cauchy problem
(6.1) with initial condition 0 < vy <1 such that

vo(z,y) <u(x+a,y+0b) if a <m/2

(resp. vo > u(z + a,y +b) if a > 7/2) in R? for some (a,b) € R2.
1) Assume that vg is uniformly continuous and

[vo(,y) — ulz,y)| < Ce V"4 for all (z,y) € R?,

for some positive constants C and p. Then v(t,z,y — ct) converges to u uniformly in (x,y) and
exponentially in t, as t — +00, namely

[o(t, - — ct) — ull poorz) < C'e™" for all t >0,

for some positive constants C' and w.

2) Assume that vy is C', |Vu| € L®(R?) and lminf, ;) cotamtoo vo(2,y) > 0 if @ < 7/2,
where f > 0 in (0,1) (resp. HmSup, |4 cota——oo V0(T,y) < 0 if @ > /2, where f < 0 in (0,0) if
1/(0) <0). Also assume that

|(+sina, — cos @) - Vug(z, y)| < CePFreosetysina) - o0 g1 (1,y) € R?,

(resp. |(£sina, —cosa) - Vug(z,y)| < CerlFrcosa=ysine) ) o some positive constants C' and p.
Then v(t,-,- — ct) converges uniformly in R? to a translate of u as t — ~+oo.

Part 1) essentially means that if vy is exponentially close to u at infinity, then v converges
to w uniformly in time in the moving frame with speed ¢ downwards. This condition for wvg is
especially fulfilled if vg — u has compact support. Actually, more precise convergence results in

48



weighted Banach spaces can be obtained. Part 2) means that the convergence phenomenon is
really governed by the behaviour of the initial datum when the space variable becomes infinite
along the directions (% sina, —cos«), which have an angle a with respect to the vector (0, —1).
Some recent results show that, if the initial datum vy has no limit in these directions, then w(wvy)
is made up of a continuum of waves.

The proof of Theorem 6.5 in the case where f satisfies (1.2) is given in [28]. The proof is
first based on the analysis of the linearized operator around a solution u of (1.1) with asymptotic
conditions (1.3), and then on the exponential stability of the planar travelling fronts. The case
where both f/(0) and f/(1) are negative can be treated the same way (see also [43]).

7 Interaction of KPP-type fronts in any dimension

The previous section was concerned with conical-shaped fronts in reaction-diffusion equations with
combustion-type, bistable-type, or more general nonlinearities f which were nonincreasing in some
neighbourhoods of 0 and 1. This section deals with another class of nonlinearities f, which are now
of the Fisher or Kolmogorov-Petrovsky-Piskunov types ([23], [36]). Namely, one assumes that f is
of class C2([0,1]) and satisfies :

f(0)=f(1)=0, f(0)>0, f/(1)<0, f>0in (0,1), f is concave. (7.1)

An example of such a function f is the quadratic nonlinearity f(s) = s(1—s). Such profiles arise in
models in population dynamics. As it is well-known, the equation v; = Av+ f(v) has, in dimension
N > 2, an N + 1-dimensional manifold of planar travelling waves, namely

Upeh(t,2) = pe(z-v+ct+h)
where v varies in the unit sphere S¥=1 of RV, h varies in R and ¢ varies in [c¢*, 400 with
¢ =2y/f'(0) > 0.
In space dimension N = 1, there are two 2-dimensional manifolds of travelling waves solutions:
v;h(x, t) = ¢c(x+ct+h)and v, (z,t) = pc(—z + ct + h)
(2], [13], [20], [25]). For any ¢ > ¢*, the function ¢, satisfies
Yo =gt f(pe) =0 R, @e(—00) =0 and p.(+00) = L.
The function . is increasing and unique up to translation. For each ¢ > ¢*, let A, be the positive
real number defined by

B 2_4 0 _ 2 %2
)\C:c VAE—4f(0) ¢ ) (A satisfies A2 — cAc + f/(0) = 0).

2 2

For any ¢ > c¢*, we know that .(s)e™?¢* goes to a finite positive limit as s — —oo. Up to

translation, one can then assume that
Ve > ¢, po(s) ~ et as s — —o0. (7.2)

For the minimal speed ¢* = 2,/f/(0), one can assume, up to translation, that
@ (s) ~ |sle?® as s — —oo, where \* = \ex = \/f'(0) = ¢*/2.
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Many works have been devoted to the question of the behavior for large time and the convergence
to travelling waves for the solutions of the Cauchy problem for v; = Av + f(v), especially in
dimension 1, under a wide class of initial conditions. (see e.g. Bramson [13]).

The classification of all planar fronts under assumption (7.1) is thus very different from the case
where f was non-increasing in some neighbourhoods of 0 and 1, for which the speed ¢(f) for (3.9),
if any, was unique. We will see in the next subsection that, under assumption (7.1), the larger set
of planar fronts gives rise to an infinite-dimensional manifold of curved fronts, and especially there
will be infinitely many fronts satisfying (1.1) and the asymptotic conditions (1.3). We will then
prove in Section 7.2 some monotonicity properties in some cones of directions.

7.1 Existence of an infinite-dimensional manifold of curved fronts

Assume that N > 2. Let
B(0,¢") = B (0,2 f’(O)) = [z RV, |2 < ¢}

be the open ball of RY with center 0 and radius ¢*. Set ey = (0,---,0,1). Let us define the sets
X =SVl x e, +00), X =SV x (¢f, +0)

equipped with the topology induced by the euclidean structure of RY. For any ¢ > ¢* = 2,/f(0),
call
Se={(v,7) € S¥ ! x [¢", +00), cen v =17}

the spherical shell on the sphere of diameter [0, cen] outside B(0,c*) (notice that in dimension 1,
S would then reduce to the single real number ¢). Let now M. be the set of all nonnegative and
nonzero Radon-measures p on X supported on S, such that the restriction p* of p on the sphere
SN=1 x {¢*} can be written as a finite sum of Dirac masses:

M* = Z m; (S(th*) (73)

1<i<k

for some integer k = k(u) > 0, for some positive real numbers m; = m;(u) and for some directions
v; = vi(p) € SN=1. For any p € M., call ji the restriction of x on the set X and @,/ the image of
[ by the continuous, one-to-one and onto map

d : X =SV x(¢f,40) — B(0,¢*)\{0}

(v,e) — z:2)\cu:<c— 62—6*2)1/.

Let M, be the set of measures y € M, such that p* = 0 (i.e. k(u) = 0). We say that a

sequence of measures (fip)nen € M, converges to a measure W E M. if: 1) | fdp, — | fdp for
X X

each continuous function f on X such that f = 0 on SV—1 x (c*,c* + ¢) for some € > 0, and 2)

pn(X) = p(X).
As already underlined, there is a finite-dimensional manifold of planar travelling waves (2 -
v + ct + h) for the parabolic equation

vy = Av + f(v). (7.4)
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One can now wonder if there are non-planar travelling waves, namely some general time-global
solutions v(t, z) such that

Y(t,2z) eER xRN VreR, w(t+72) =0t z+cvr)

for some direction v € SV~1 and some speed ¢ > 0 (up to a change v — —v, one can always assume
that ¢ > 0). Such a wave is propagating in the direction —v with the speed c¢. Up to rotation of
the frame, one can restrict to the case v = ey, and the function v can then be written as

v(t,z) = u(z + ctey) = u(z,y + ct),
where u solves the elliptic equation (1.1), namely
Au — cuy + f(u) =0 in RY,

Conversely, each such solution u gives rise to a travelling wave u(x,y + ct).
The main existence result for equation (1.1) under the assumption (7.1) is the following:

Theorem 7.1 Assume that f satisfies (7.1), and that N > 2. Let ¢ > ¢* = 2,/f'(0) be given.
There exists an infinite-dimensional manifold of solutions 0 < u < 1 of (1.1). Namely, there ezists
a one-to-one map

Me > p— uy,

such that each function u,, is a solution of (1.1) ranging in (0,1), and uym — u, in C2 (RN) if
(1" )nen — p in M. Furthermore, by construction, u,, is the smallest solution of (1.1) such that,

under the notation (7.3),

w(2) > max (mxk pe(z - vi + ¢ Inmy), / %<z-u+vlnM>M-1dﬂ<u,w>) (7.5)
AN X

for all z € RN, where M = pu(X) (under the convention that if M = 0 then the second argument
in the max drops). Lastly, uy,(z,y) = uu(x,y + clnp) for all p € Mc, p >0 and (z,y) € RV.

We will only prove here the existence of u, and some lower and upper bounds. We will refer to
[31] for the one-to-one and continuity properties, which are much more technical.
Proof. Let ¢ > 24/f'(0) and u € M, be given. Under the same notations as above, call

1<i<

u(z) = max <maxk e (2 - v + ¢ lnmi),/ @y (z - v 4yIn M)M~dji(v, ’y)) .
< b'e

It is clear that 0 < u(z) < 1 for all z € RY, and that u is continuous. Notice that if y is a multiple
of a Dirac mass M, for some v > ¢*, v € S¥~1 and M > 0, then u(z) = (2 - v + vIn M).
In the general case, u can be thought of as a superposition of travelling waves with some weights
given by the measure pu.

In the case where M = 0, then w is the maximum of a finite number of travelling waves
e (2 - Vi + ¢* Inm;), each of them solving (1.1) because of the definition of M. Therefore, u is a
subsolution of (1.1). In the case where M > 0, denote

w(z) = /X oy (2 - v+ yIn M)Mdj(v, ).
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From standard parabolic estimates and since the function f is smooth, there exists a constant Cj
such that, if 0 < v(¢,z) <1 is a time-global solution of v; = Av + f(v), then |v|, |vg,], |Av] < Co
for all (t,7) € R x RN, Any travelling wave ¢~ (z - v + 7t) is such a solution, whence vl (s)s
l©% (s)]5 |¢5(s)] < Cp for all v > ¢* and s € R. From Lebesgue’s dominated convergence theorem,
the function w(z) is of class C? and it satisfies:

Aw—cwy = / <9"§(z vy M) —cv-engh (z-v+ ’ylnM)) Mdp(v, )
X
- ‘/Xf (py(z v+ v I M)A dja(w, )

> —f </X§0'y(z vyl MM dj(v, W)

from the definition of M, and the concavity of f on [0,1]. As a consequence, the function u is a
sub-solution of (1.1) in the sense of distributions.
Call now

u(z) = min(1, ((z)),
where

((z) = Z Qe (2 - vy + ¢ Inm;) + / eAW(Z'V+’YInM)M71d/fL(V, v)-
1<i<k X

One has 0 < u(z) < 1. We now claim that
©y(s) < e for all s € R and y > ¢*. (7.6)
Indeed, the function 7(s) = e** satisfies

" —n' + f(0)n =0.

For each t € R, call n'(s) = n(s +t) = eM*T™™1!. Since ¢, is bounded and satisfies (7.2), it follows
that there exists a real number ¢y such that, for all ¢ > ¢, n° > ¢, in R. Let us now define

r=inf {t €R, ' > ¢, in R}.

From (7.2), one gets 7 > 0 and by continuity, one has 17 (s) > ¢-(s) for all s € R. Assume now that

7 > 0 and consider a sequence t"S7 as n — +oo. There exists then a sequence of points s, € R
such that n'"(s,) < ¢,(sn). Since ¢, is bounded, the sequence (s,) is bounded from above. Up
to extraction of some subsequence, two cases may occur: S, — Seo € R or s, — —00 as n — 400.
Assume first that s,, — s € Rasn — +oo. It follows that 77 (se0) = ¢4(500). Define w =n™ —¢,.
This function w is nonnegative and vanishes at the point s.,. Furthermore, the function (., satisfies

@ — vl + f(0)oy > o — vl 4+ fley) =0

since f(s) < f/(0)s for all s € [0,1]. As a consequence, w” — yw’ + f/(0)w < 0. The strong
maximum principle then yields that w = 0. This is impossible because ¢, is bounded, unlike
n. We deduce then that s,, — —co as n — 400. Now, gov(sn) ~ eMSn as s, — —oo whereas
©~(8n) > ' (s,) = eMnFtn) - This is ruled out because t, — 7 > 0 as n — +oo. Eventually, we
conclude that 7 = 0, which proves the claim (7.6).
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In the region where ((z) < 1, one has, due to the definition of M. and the above facts,

AC—cG = — Y flpe(z 15+ " Inmy)) +/A (A2 = YAy ) e I M N1, )
1<i<k X
< = flpe(z-vi+c lnmy)) —f’(U)/A%(Z"V+’71HM)M_1dﬂ(V,’Y)
1<i<k X

< =X feetvtcmmg) = ([ o eev DI i) )

1<i<k

But f(ar+---+ap) < flaq)+---+ f(ayp) for all p € N and «; € [0,1] such that ag +-- -+, <1,
because of the concavity of f on [0,1]. Therefore, A( — ¢(, < —f(¢) in the region where ¢ < 1.
One then concludes that % is a super-solution of (1.1) in the sense of distributions (remember that
£(1) =0).

From parabolic maximum principle, the solution v(¢,2) of v; = Av — cvy + f(v) with initial
condition v(0, z) = u(z) is then nondecreasing in time and it converges as t — 400 to a solution
uy, of (1.1) such that v < w, < w. Furthermore, the parabolic maximum principle also implies
that w,, is the smallest solution of (1.1) above u. The strong elliptic maximum principle also yields
0<u, <1inRY.

It is immediate to check from the definition of M, that, under obvious notations,

Uy (2) =u, (2 +clnpey) for all p € Me, p>0and 2 € RY.

Therefore, u,, = u,(- + clnp en).
The fact that the map p +— wu, is one-to-one mainly relies on the following technical results on
the asymptotic behavior of the travelling front u, as t — —oo: if one denotes

vu(t, 2) = up(z,y + ct) = uu(z + cten),

then
vu(t, —c*t v+ 2) P e (z-v+c*Inm;) in C3.(RY) if v = v; for some i
T . 7.7
vu(t, —c't v+ 2) P 0 otherwise (7.7)
——00

and, for any sequence t, — —oo and any continuous function (§) with compact support on

B(0,c¢)\{0},

[t \ /2 L2y
/B(O *) E 'U,u(tn +t, —tng‘i_Z) e 4 n w(g) dé.

1(0)4- 1 N4 1z A .
R >e(f OFSEF M 22 € ()N @, f(de)

(7.8)

in Clloc int € R and Cl2()c in z € RV, under the convention that the right-hand side is zero if M =0.
We admit this fact here, as well as the continuity of w, with respect to p, and we refer to [31] for
detailed proofs. O

Remark 7.2 Under the notations of Theorem 7.1, if u is a finite sum of Dirac masses

n= Z mi(S(th*)-i— Z mid(w,ci) e M.

1<i<k k+1<i<p, c;<c*
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for some p € N\{0} and some positive real numbers m;, then u, is the smallest solution of (1.1)
such that

> — " .1 * . ) .1 . Y .
u,(2) > U, (2) := max (fillagck Ve (2 - v + " Inmy), k+nllgzxgp e, (z - vi +ciln M+ 6’1)> ,

where M = myyq + - +my, and 6; = At In(m;/M) if M > 0. In other words, the subsolution u
used in the proof of Theorem 7.1 could be here replaced by U, (see [31] for details). Furthermore,

uy(z) < Z Yo+ (2 vi + " Inm;) + Z e (2 - Vi + ¢ In M + 0;).
1<i<k k+1<i<p

In this case, the solution u, can be viewed a front obtained from the mizing of a finite number of
planar fronts.

Theorem 7.1 especially leads to the following corollary, which, as a special case, implies that the
uniqueness under assumptions (1.3) is no longer true when f satisfies (7.1) (compare with Theorem
3.13). For the sake of simplicity, we will only consider the case of dimension N = 2, but more
general statements hold in higher dimensions N > 3.

Corollary 7.3 Assume that f satisfies (7.1), and that N = 2. Let ¢ > ¢* = 24/f'(0) and 0 <
ay, a0 < /2 be given such that

c1 :=csinay > ¢ and co :=csinag > c*.

Assume that oy and oz are not both equal to w/2. Call vi = (—cosaq,sinay), ve = (cos ag, sin ag)
and ¢p(x) = —|z|cot ay for x <0, ¢(x) = —|x| cot ag for x > 0. Let hy and hs be any real numbers.
Then there exists an infinite-dimensional manifold of solutions 0 < u(x,y) <1 of (1.1) such that

liminf w(z,y) =1, limsup wu(z,y) =0
y=d(@)—too y—d(a)——o0

and

{ u(x—r,y—T‘COtal) —)gOCl(—l'COSQl_"ySinal"_hl) in 02 (RQ) asr — +oo
loc ’

u(x 4+ r,y — recot ag) — @, (x cos s + ysinas + ha)

In particular, if 0 < a < w/2 and csina > ¢*, then there is an infinite-dimensional manifold of
solutions of (1.1) satisfying the asymptotic conditions (1.3).

Therefore, equation (1.1) with a nonlinearity f satisfying (7.1) gives rise to more solutions than

the same equation with combustion-type or bistable nonlinearities (1.2) or (1.4). In particular, the
solutions u in Corollary 7.3 are not symmetric, up to shift, with respect to any direction, provided
€1 # co, namely oy # as.
Proof. We will actually only consider the case where ¢; > ¢* and co > ¢* (the case where one of the
speeds c¢] or co is equal to ¢* is just an adaptation of the proof below, due to the special treatment
of the minimal speed ¢* in the definition of u in the proof of Theorem 7.1). Under the notations of
Corollary 7.3, let M > 0 be such that

e)‘cl (h1—c1In M) + 6)\62(h2—02 InM) ~ 1
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and call
my = Me)\cl(hl—cl In M) < M, My = Me)\CZ(hg—cglnM) < M.

Fix n > 0 such that 2n < m — a; — ag (possible because «; and a9 are not larger than 7/2 and not
both equal to 7/2). Let i be any nonnegative finite Radon measure on X which is concentrated
on the portion of a circle defined by

C=8.N{(rcosb,rsinf), r >0, as+n<6<7m—a;—n},

and such that i(C) = M —mj; — mgy (> 0). Finally, denote

n= mlé(ul,cl) + m25(y1,cl) + [,

A~

so that p € M, and M = p(X). From the construction given in Theorem 7.1, there exists a
solution 0 < u, < 1 of (1.1) such that

miM L., (—z cosay +ysinag + ¢y In M) +maM o, (x cos az + ysin ag + ca In M)
+/90»y(2 v+ yIn M)M dp(v,y) < w(z)
C

and

u#(z) < mlM—leAcl(—:ccosoq—i—ysinog—i—cl1nM)+m2M—16)\c2(zcosag+ysinag+cglnM)

_’_/Ce)w(z-u+'ylnM)]w1d'ul(y7 ’Y)

for all 2z = (z,y) € R2.
Let us check that this solution u,, satisfies all properties stated in Corollary 7.3. First, the lower
bound for u, immediately yields

liminf  w,(r,y) > min(m; M1, meM™1) > 0.
y—¢(z)—+o0

Since f > 0 in (0, 1), by using the same arguments as in the proof of Lemma 3.2, it follows then
that

liminf u,(z,y) = 1.
J oo Y]

Take now any A > 0 and x < 0. With the notations v = (cosw,sinw) (ae+n <w <T—01—17)
for the points (v,) on C, one gets from the upper bound of u, that

u, (2, —|z|cota; — A) < mygM~lera(ZAsinartern M)
+m2M—1€A02 (zsin(a1+az2)/sina; —Asinag+cz In M)

+/ceA7(zsin(a1+w)/sin a1—Asinw+yIn M)Mildu(m ,Y)

7,’,“]\4716/\Cl (—Asinaji+ciIn M) + 777‘2]\4'716)\c2 (—Asinag+caIn M)

+/CGA7(—Asinw+71nM)M—ldu(y’7)‘

IN

But the qunatities sinw, Ay and « are bounded from below and above by two positive constants
as (v,7) varies in C. Therefore, the third term in the right-hand side of the previous inequality
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converges to zero as A — +o0o0. The same property holds for the first and second terms as well.
Therefore,
lim sup uu(z,y) = 0.

y+|z| cot a1 ——o0, <0

Similarly, one can prove that lim supy ;| cot ag——o0, 20 uu(z,y) = 0, whence

limsup  uy(z,y) =0.
y—¢(z)——o00

Lastly, let us prove the convergence of w, to the fronts ¢, and ¢ in the directions
(—sinag, —cosay) and (sin g, — cos ) respectively. Let (r,)nen be any sequence converging
to +o00. Up to extraction of some subsequence, the functions

un(x,y) = up(x — 10,y — T cOt 017

converge in C2 (R?) to a solution 0 < u(x,y) < 1 of (1.1) such that

loc
u(z,y) > miM Yo, (—xzcosaq + ysinag + ¢ In M).
Furthermore,

un(x, y) < 77%1]\4’—16)\Cl (—zcosai+ysinai+eci In M)
+m2M71€)\C2 (z cos ag+y sin ag+cg In M —ry, sin(a1+az2)/sinay)

_i_/e)w(az cosw—+ysinw—+yIn M—r, sin(ocl—ﬁ-w)/sinocl)]\4—1d'u(y7 ,_Y)
C

Since 0 < ay + ag < 7, the second term in the right-hand side converges to 0 as r,, — +o00, for each
(z,y) € R2. Similarly, one has 0 < a1 + as+n < a1 +w <7 —n < 7 on C, hence the third term
converges to 0 as well, from Lebesgue’s dominated convergence theorem. Therefore,

0 <miM Yo, (—rcosa; +ysinag + ¢y Iln M)
< Uu(l',y) < min (Lmlele)\cl (—z cos a1+ysin ai+er lnM))

(7.9)
for all (z,y) € R2. Call s the variable

§ = —xcosay + ysinay

and let us prove that u only depends on this variable s. First, one has liminfs_ . u(z,y) >
miM~! > 0 and one concludes as in the proof of Lemma 3.2 that liminfs ;. u(z,y) = 1. One
also has liminfs_, o u(z,y) = 0, but one cannot apply Theorems 2.4 or 2.6, because f'(0) > 0.
However, we will adapt the proof and still use a sliding method. Fix any » € R and call

v(z,y) = u(x+r,y+rcotay).
The function v still satisfies (7.9) and, since @, (£) ~ e*1§ as € — —oo, there holds that
steaalnM) a9 5 0 (7.10)

u(x,y), v(z,y) ~ mlM_le’\cl(

uniformly in the variable orthogonal to s. Notice that the above formula, together with the strong
elliptic maximum principle, implies that 0 < u,v < 1 in R%2. But f/(1) < 0 and therefore the

56



comparison Theorem 2.1 holds as s — +o00, and since 0 < u,v < 1 have the same behavior as
s — —o0, there exists £ € R such that

v (x,y) :=v(x —Tcosai,y+ Tsinag) > u(z,y)
for all (z,y) € R? and for all 7 > ¢. Call
™ =min{t €R, v” > u in R? for all 7 >t} € R.

One has v™ > u in R%. Assume now (by contradiction) that 7* > 0. From (7.10), there exists then
e € (0,7") and A > 0 such that

v" >uin {s < —-A} forall 7 € [ —¢e,77].
Furthermore, one can also assume with loss of generality that
v">1—4din {s > A},

where f is decreasing in [1 — §,1] and § > 0. If inf|s‘§A(fuT* —u) > 0, then, even if it means
decreasing ¢, one can assume that v > win {|s| < A} for all T € [7* —¢, 7*]. Comparison Theorem
2.1 of Section 2 then implies that

v >wuin {s> A} forall T € [7" — e, 7"].

Finally, one gets a contradiction with the minimality of 7*. Thus, there exists a sequence (z, yn)
in R? such that

—A< s, =—apc08a1 +ynsina; <A and 0" (TnyYn) — u(xn, yn) — 0 as n — +oo.

Up to extraction of some subsequence, one can assume that s, — s« € [—A, A] and the functions
Un(z,y) = u(x + T,y + zn cot a1), Vo(z,y) = v(x + 2, y + T cot a1 ) converge in CZ_(R?) to two
solutions 0 < U(x,y), V(x,y) <1 of (1.1) such that

VT (z,y) == V(z — 7" cosaq,y + T sinay) > Uz, y)

in R?, with equality at the point (0, ss/sina;). The strong maximum principle yields V™ = U.
But U and V still satisfy (7.10) (due to the definitions of U,, and V},), while V™" ~ e*17"V as
s — —o00. One has reached a contradiction, because 7* and \., are positive.

As a consequence, 7* < 0, whence

v(z,y) =u(x+r,y+rcotar) > u(z,y)

for all (x,7) € R2. Since this is true for all » € R, one concludes that u depends only on the variable
s, namely
u(z,y) = w(—xcosa; + ysina)

for some function w : R — [0,1]. The function w satisfies
w” —esinagw’ + f(w) =w” —cjw’ + f(w) =0 inR

and w(—o0) = 0 and w(+o00) = 1. From the uniqueness up to shift of such solutions w for a given
speed (here, ¢*), it follows that w = ¢, (- + s*) for some s* € R. But, because of the definition of
my,

w(s) ~ mlM*16A61s+)‘6101 InM _ 6)\c1(8+h1) ~ Qe (8 + hl) as s — —oo.
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Therefore, s* = h; and u(z,y) = @¢, (s + h1). Since the limit function u does not depend on the
sequence (7, )neN, one concludes that

w(z —r,y —reotay) — e (—xcosay +ysinag + hy) in C?(R?) as r — 4o0.

Similarly, one can prove that u(z + r,y — rcot as) — @, (z cosas + ysinas + hs) in C7 (R?) as
r — 400. Because of Theorem 7.1, there exists then an infinite-dimensional manifold of solutions

0 <u <1 of (1.1) satisfying the conclusions of Corollary 7.3. O

Travelling fronts u are special solutions of (7.4) of the type v(t,z) = u(z + ctv). The more
general question of the description of the set of all time-global solutions v of v; = Av + f(v) is also
dealt with in [31]. There exists an infinite-dimensional manifold of solutions of this problem, given
as nonlinear interactions of planar travelling fronts, in the same spirit as Theorem 7.1 above (see
[31] for more precise statements). Furthermore, a partial-uniqueness result is also proved in [31].

7.2 Monotonicity and further qualitative properties

This section is devoted to the proof of the following

Theorem 7.4 Assume that f satisfies (7.1) and let N > 2. Let 0 < u < 1 be a solution (1.1) for
some ¢ > 0. Then, ¢ > c¢*. Furthermore, u is decreasing in each unit direction T = (7, 7y) € RN
such that 17, < —cos(arcsin(c*/c)), and for each such T, one has lims_,_u(a + s7) = 1 and
limg_, 4 oo u(a + s7) = 0 for all vector a € RYN. Lastly, if c = c*, then u(x,y) = pe(y + h) for some
heR.

Theorem 7.4 can be viewed as a counterpart of the qualitative results stated in Section 3. In
particular, monotonicity properties still hold under assumption (7.1), even if one cannot relate
the speed ¢ to the Lipschitz norm of the level sets of u. But the uniqueness and one-dimensional
symmetry properties are still valid here for the minimal speed, as they were in Section 3 in the case
where ¢(f) # 0.

Proof. Let us first remind the following result from [2]: if 0 < vp < 1 is a continuous function which
is not identically equal to 0 in R™V, then the solution v(¢, z) of the Cauchy problem (7.4) with initial
datum vq satisfies:

liminf w(t,2) =1 (7.11)

t——+o00, |z|<ct

for all ¢ € [0, ¢*). Assume by contradiction that 0 < u < 1 solves (1.1) with ¢ € [0, ¢*), and call
v(t,z) =v(t,x,y) = u(z,y + ct).

The function 0 < v < 1 is a time-global solution of (7.4), whence v(t, —ctey) — 1 as t — 400, from
the result recalled above. But v(t, —cten) = u(0,0) is a fix number in (0,1). One has then reached
a contradiction.
Fix now any unit direction 7 = (7,,7,) € RY such that 7, < — cos(arcsin(c*/c)), and let us

prove that 7 - Vu < 0 in RY. Call
7 - Vu(z)

u(z)
From standard elliptic estimates and Harnack inequality, the function |Vu|/u is globally bounded
in RY, and then w is globally bounded. Let us now prove that it is nonpositive. Suppose by

w(z) =
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contradiction that supgy w = ¢ > 0. There exists a sequence (2, )neny € RY such that w(z,) — &
as n — —+o00. Up to extraction of some subsequence, two and only two cases may occur :

Case 1: u(z,) — a € (0,1] as n — +o0,

Case 2: u(z,) — 0 as n — +oo.

Let us first deal with Case 1. The function w satisfies

Aw—I—Q%-Vw—cwy—i- <f’(u)—f€uu)>w—0 in RV,
Let us set
un(2) = u(z + 2zp) and wy(2) = w(z + 2zn).

From standard elliptic estimates, the functions u,, converge (up to extraction of some subsequence)
in C? (RM) to a solution 0 < us < 1 of (1.1). Furthermore,

loc
Uso(0,0) = a € (0,1]

by assumption. Therefore, the function u, is positive everywhere because of the strong maximum
principle, and the globally bounded sequences of functions Vu,, /u,, f'(u,) and f(uy)/u, converge
to the globally bounded functions Ve /o, f'(tso) and f(ueo)/tso, respectively. Similarly, the
globally bounded functions wj, converge in CZ_(RY) (up to extraction of some subsequence) to a

globally bounded function weo, which is equal to

because of the positivity of us. Moreover, we, < € in RY, weo(0) = ¢ and

Vs

Uoo

Aws + 2

Ve — ¢(Woo)y + <f’(uoo) - fwoo)) Weo =0 in RV,

Uoo
From the profile of f in (7.1), it follows that f/(s) — f(s)/s < 0 for all s € (0,1]. Therefore, the
strong elliptic maximum principle implies that ws = &, namely 7 - Vg = uoo. Since uq, and &
are positive, one gets especially that 7 - Vus > 0 in RV, As a consequence, us < 1 (otherwise
Uso = 1 in RY from the strong maximum principle, whence 7 - Ve, = 0). Call

p = CTyT — cen.
One has
Ip|2 = (1 - Ty2) < (1 — cos?(arcsin(c* /¢))) = (c*)2.

The function
0<V(tz) =us(z+cteny) <1

satisfies (7.4) and then
C(t) =V(t,pt) =V(t, ctryr —cten) — 1 as t — 400,

because of (7.11), while ((t) = uc(ctTy7) ranges in (0,1) and is decreasing because 7 - Vuy > 0
and cr, < 0. Case 1 is then ruled out.
Let us now deal with Case 2. Under the same notations as above, one has v +p-Vv = c¢ry7- Vv
and
(vi +p- Vo) /v > crye in RY
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(observe that cr, < 0) and
(v4(0, 2n) + p - V(0, 2,)) /v(0, 2,) — cTye as n — +o0.

Denote

t
ot 24 pt + 2n) e2P%, for all (t,z) € R x RY,
v(0, 2n)

Since the fields v;/v and Vv/v are globally bounded, there exists a constant C' such that wy(t, z) <
eCUUHED for all (t,2) € R x RY and all n € N. In particular, the sequence (wy,) is locally bounded
and the functions (¢, 2) + v(t, z + 2, ) approach 0 locally in R x RY because u(z,) = v(0, z,) — 0.
On the other hand, each function w,, satisfies

wp(t, z) =

fu(t,z+ pt + z,))
v(t, 2z + pt + zp)

1
(wn): = Awy, + < - 4|p\2) wy, (t,z) € RxRY,

loc loc(RiV) (up to
extraction of some subsequence), to a nonnegative and locally bounded function w,. The function

Weo SOlvVes

From standard parabolic estimates, the functions w, converge in C. (R;) and C?

(1s0)s = Awas + (F/(0) — iw) Weo in R x RY (7.12)

and it satisfies
VieR, Vze RN, wu(t,z) < CUHED, (7.13)
Due to the definition of w,, and to the choice of (z,), one has

0, zn) tp- VU(Oa zn)

oy
(wn):(0,0) = v(0, z,)

— CTyE asn — —+00.

Hence,
(W0 )t(0,0) = erye < 0. (7.14)

Choose now any point (£, z) € R x RV, Because of (7.12) and (7.13), weo(t, 2) can be written as

woo(t, 2) = 'O FoP)+H) /R Pl €) wol(—h,€) d

2
for all k& > |t|, where p(s,§) = (47rs)*N/2e_% for any s > 0 and ¢ € RY. As a consequence,
/ _1 1
(wo)e(t, 2) = eI O 2D /R Ptk 2 =€) weo(—K,€) dE + (f'(0) = o) weo(t, 2).

Notice that ps(s,§) > —%p(s, ¢) for all s > 0 and &€ € RY. Since wq, is nonnegative, it follows that

N
2(t + k)

(wai(t:2) = (110 = 11l = 575 ) o)

Passing to the limit £ — +o00 in the above formula leads to
1
(wso)e(t; 2) = (£'(0) — ZIPIQ) Woo(t, 2)-

Since |p| < ¢ = 2,/f7(0) and ws > 0, one gets (woo)¢(t, 2) > 0 for all (¢,2) € R x RY. That is in
contradiction with (7.14). Therefore, Case 2 is ruled out too.
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Thus 7-Vu < 0 in RY. Hence, the function ((t) = u(ctt,7) ranges in (0, 1) and is nondecreasing
(remember that cr, < 0), while {(4+00) = 1 as already underlined. Therefore, 7- Vu # 0 and the
strong maximum principle yields 7 - Vu < 0 in RY.

Observe also that the same arguments as above imply that u(a + s7) — 1 (resp. — 0) as
s — —oo (resp. s — +oo) for all a € RY and 7 € SN~ such that 7, < — cos(arcsin(c*/c)). Notice
indeed that

limsup V(t,z) =0 for any ¢ € [0,c")
|z|<c|t], t——00
and for any time-global solution 0 < V'(t,2) < 1 of (7.4), because of (7.11).

Let us now consider the case where ¢ = ¢*. From the previous arguments and by continuity,
the function u is then nonincreasing in any direction 7 € R such that 7y < 0. It is then both
nondecreasing and nonincreasing in any direction 7 such that 7, = 0. Therefore, v = v(y) depends
on y only and it solves v” —c*v'+ f(v) = 0. Furthermore, the previous results imply that v(—o0) = 0
and v(400) = 1. One concludes that v is a translate of ¢« (y). That completes the proof of Theorem
7.4. O

Remark 7.5 Property (7.11) implies that imsup,_, o, |.j<ce| V (¢, 2) = 0 for any ¢ € [0,¢*) and
for any time-global solution 0 < V(t,z) <1 of (7.4). If 0 < u < 1 is a solution of (1.1) such that
v(t, z) = u(z + cten) satisfies
lim sup v(t,z) =0
t——o00, |z|<(c*+e)|t]|
for some € > 0, then u is of the type given in Theorem 7.1. This almost-uniqueness result holds in
the framework of general time-global solutions of (7.4) and it is proved in [31].
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