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Résumé. — Katok’s theorem on C11¢ smooth surface diffeomorphisms shows that
their dynamics can be approximated in entropy by uniformly hyperbolic invariant
sets in contrast to the case of homeomorphisms in dimension 2 or diffeomorphisms
in higher dimensions. The proof which we explain in some details, rests on Pesin’s
theory of non-uniformly hyperbolic dynamics which allows the application of results
about (sequences of) uniformly hyperbolic diffeomorphisms.

There are no formal prerequisites beyond the most basic knowledge of dynamical
system theory up to the Birkhoff ergodic theorem but some prior contact with entropy
theory and uniform hyperbolic theory will certainly help.

These notes were intended for the audience of the Institut Joseph Fourier Summer
School in Mathematics (Grenoble, July 2006) organized by L. Guillou and F. Le Roux.
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The goal of these lectures is to present the proof of Katok’s theorem on C'*e-
smooth surface diffeomorphisms. This theorem says that the entropy (or “complex-
ity”) of such dynamical systems is essentially explained by (uniformly) hyperbolic
dynamics. In particular,

Mots clefs. — surface diffeomorphisms; entropy; periodic points; Lyapunov exponents; Pesin the-
ory; shadowing.
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Theorem 1 (Katok (1980)). — A C*¢ diffeomorphism of a compact surface with
nonzero topological entropy has infinitely many periodic points. More precisely, the
topological entropy™ provides a lower bound for their numbers:

lim sup 1 log#{x: f"x =z} > hiop(f).
n—oo N
One can compare with the much simpler situation on the interval - see Appendix.
Remark that this is obviously false in dimension 3 or higher. It is also false for
surface homeomorphisms by a celebrated construction of Rees [16]. For now let us
just state that a main open problem is to decide whether the above result holds for
C" diffeomorphisms.

Remark 1. — Though we emphasize here the fundamental case of surfaces, Ka-
tok’s theorem is in fact a statement in arbitrary dimension about hyperbolic
measures, i.e., invariant and ergodic probability measures with no zero Lyapunov
exponents.

We present a proof which is a very slight variant of the original proof of Katok
(we construct true stable/unstable manifold instead of considering the maybe more
general case of s, u-admissible manifolds). The ingredients are:

1. the computation of topological and measure-theoretic entropy a la Bowen, i.e.,
through counts of (e, n)-separated or covering sets;

2. linear non-uniform hyperbolic theory due to Oseledets;

non-linear Pesin theory (especially Pesin construction of Lyapunov charts);

4. shadowing of pseudo-orbits by pseudo-orbits for globally hyperbolic diffeomor-
phisms.

w

We give complete proofs for points (3) and (4) on surfaces.
We conclude the lectures by stating the main corollaries of Katok’s theorem and
presenting various open problems and counter-examples.

We wish to thank the organizers of the Grenoble Ecole d’été, L. Guillou and F. Le
Roux, for the opportunity to present this beautiful result of Katok. We also wish to
thank the participants for their interests and questions.

The author will be grateful for any comments and/or corrections.

1. Entropy theory

We recall some well-known fact about so-called topological and metric entropies.
See, e.g., [20] or [9].

Topological entropy was introduced for continuous maps of compact spaces by
Adler, MacAndrew and Konheim [1] by mimicking the earlier measure-theoretic no-
tion recalled below. We use Bowen’s formulation.

(D The definition of entropy is recalled in section 1.
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Definition 2. — For a map T of a metric space (X, d) one considers the following.
The (e,n)-Bowen ball centered at © € X is:

B(z,e,n) :={y € X : Y0 < k < nd(Thy, T"y) < €}
The r(e,n,Y) covering number of Y C X is:

r(e,n,Y) :=min{#R:Y C U B(z,e,n)}
zeC
The entropy of T wrt to d is:

ha(T) := lirél+ ha(T, €) where hy(T,€) := lim sup 1 logr(e,n, X)
Lemma 3. — 1. One can replace the limsup by aliminf in the definition of hq(T)
without modifying the values of hq(T);

2. If T is Lipschitz and M is a compact d-dimensional manifold, then hqa(T) <
d - loglip(T);

3. hq(T) is an invariant of uniform topological conjugacy (T oW = W o T with ¥
a bijection which is, together with its inverse, uniformly continuous). Thus one
can indeed speak meaningfully of topological entropy in the setting of continuous
self-maps of compact spaces and write hyop(f) := ha(T') for any distance d.

4. If T is uniformly continuous, hq(T*) = |k|hg(T) for k € N (or k € Z if T is
invertible)

Ezxercise 1. — Prove this Lemma. Hint for (i): Remark that:
r(e,n+m, X) < r(e/2,n, X)r(e/2,m, X)
Find an example of a continuous map for which hq(T?) # 2hq(T).
Ezxercise 2. — Show that (1) in the space of continuous self-maps of [0,1], the en-

tropy is generically infinite; (2) in the space of homeomorphisms of [0, 1], it is always
zero.

Question 1. — If one replaces (e,n)-Bowen balls by subsets S C X such that V0 <
k < n diam(T*S) < e, it is easy to see that n +— r(e,n, X) becomes sub-multiplicative
and that therefore the limsup becomes a limit in the definition of hq(T,€). But is the
original limsup a true limit in fact?

Instead of considering covering sets one can use separated sets: S is (e, n)-separated
if
r#yeS = 0<k<ndTrz,Try) > e
s(e,n,Y) is the maximum cardinality of an (e, n)-separated subset of Y.

Lemma 4. — Substituting s(e,n,Y") forr(e,n,Y) in the above definitions of entropy
does not change hy(T). More precisely,

5(2€a n, Y) S T(€7 n, Y) S 5(67 n, Y)
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PRrROOF: To see the first inequality, let C' be an (¢, n)-cover of Y with #C = r(e,n,Y).
Let S be a (2¢,n)-separated subset of Y. Let ¢ : S — C be such that for every
r €8S, x € Ble(z),e,n). If c(x) = c(z’) then d(T*z, TFx") < d(T*z, T c(z)) +
d(T*c(z"), T*2") < 2¢, a contradiction. Hence ¢ : S — C' is one-to-one, proving the
first inequality.

For the second, observe that if S is an (e, n)-separated subset of Y with #S =
s(e,n,Y), then for any 2 € Y\ S, Y U {x} is not separated, i.e., z € B(y,e,n) for
some y € S. Thus, S is an (e, n)-cover of Y, proving the second inequality. O

We turn to the measure-theoretic entropy defined by Kolmogorov in 1958 as a new
invariant for classification problems in abstract ergodic theory. We use the formulation
given by Katok in a metric setting.

Definition 5. — Let T be a Borel map of the metric space (X,d). Let u be a prob-
abily measure. Let 0 < A < 1. The (e,n, u, \)-cover number is:

r(e,n, 1, A) := min {#R D (U B(x,e,n)) > )\}

zeC
If u is a T-invariant and ergodic probability measure, the entropy of (T, u) wrt to d
18:
1
ha(T, 1) == lim hq(T, p,€) where hq(T, p, €) := limsup — log r(e, n, i, )
6—>0+ n—oo n
Lemma 6. — 1. hq(T, p) is independent of 0 < A < 1;
2. One can replace the limsup by liminf in the definition of hq(T, €) without mod-
ifying ha(T);
3. ha(T, p,€) < hg(T,e);
4. hq(T) is an invariant of measure-preserving conjugacy;
5. ha(T*, ) = |k|ha(T) for k €N (or k € Z if T is invertible).

As for topological entropy, we can use s-numbers defined as follows:

) ) 7)\ = i f ) 7Y
s(e,m, fy A) u(¥1)>>\8(6 n,Y)

Indeed, s(e,n,Y) <r(e/2,n,Y) < s(e/2,n,Y) (see above) and r(e/2,n,Y) = inf gy~ 1 7(€/2,n,Y)
so that
(61 ) < rle/2,m,0) < s(e/2,m,0)

proving the claim.

Question 2. — One can make the same remark and the same question here as we
made for hq(T).
Theorem 2 (Variational principle). — IfT is continuous and X is compact then
ha(T) = sup hae(T,p)= sup  ha(T,p)
nEProb(T) nEProb, (T)

where Prob(T) is the set of T-invariant probability measures on X and Prob.(T) is
the subset of those who are ergodic.
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Remark 7. — Measure-theoretic entropy can be (and was first) defined in a purely
measure-theoretic setting. The variational principle then indicates the relevant “topo-
logical” notion (which in fact depends only on the Borel structure), eg, the right
distance to use to compute the topological entropy in the above formalism (see the
important example of Markov shifts with countably many states [5]).

2. Non-uniform hyperbolic theory

2.1. Linear theory. — Note: Complete proofs can be found in [11] for the King-
man and Oseledets theorems and [9] for the e-reduction theorem (which we prove in
the main case of interest to us).

Theorem 3 (Kingman’s subadditive ergodic theorem)

Let T be an endomorphism of a probability space (X, A, u). Let a:Z x X — R be
subadditive:

a(m+n,z) <a(m,z) 4+ a(n, T™x)
with max(a(1,-),0) € L*(u). Then
1
N = lim — ,
a () nl_)ngona(n x)

exists a.e. and satisfies: a.(Tz) = a.(z) and [a.dp =inf,>1 2 [a(n, z)du(z).
Ezxercise 3. — Show that this theorem easily implies the existence of the Lyapunov
exponents for a diffeomorphism f of a surface M :

1
ME(z) == lim =log|Tf"| exists a.e.
n—too N
More precisely, for a.e. x € M, there exists non-zero vectors vt € R such that:
1
ME(z) := lim —log||Tuf™.vF|| emists.
n—too N

Ezxercise 4. — Show that if f is a C' map on a compact manifold and p is an
invariant and ergodic probability measure with only strictly negative exponents, then
W is carried by a periodic orbit.

In fact, much more is true. First, going forward in time, one gets:

Theorem 4 (Oseledets). — Let T be an endomorphism of a probability space (X, A, ).
Let A: X — M(d,R) be a measurable map such that:

max(log||A],0) € L' (1)
Then there exists a measurable flag:
RY'=F, 2 F; 2--- 2 F{® = {0}
and measurable functions )\i > > )\;(m)
subset of X of full measure:

with the following properties for all x in a

— the functions r(x), dim E, \. are T-invariant;
— A(z).Fi C Fi;



6 JEROME BUZZI

— forallv e Fi\ FitY

lim sup 1 log |A(T™ ta) ... A(z).v| = AL
n

n—oo
Going both ways, it yields:

Theorem 5 (Oseledets). — LetT be an automorphism of a probability space (X, A, i1).
Let A: X — GL(d,R) be a measurable map such that:

max(log ||Al|, log [[A~"]|,0) € L' ()
Then there exists a measurable decomposition:
Rd:E;@Eg@...@E;(I) :{0}
r(x)

and measurable functions AL > -+ > X" with the following properties for x in a set
of full measure:

the functions r(x), dim F¢, X! are T-invariant;
A(z).EL = E¢;
— for allv € EL\ {0},

1 .
lim sup - log || A(n, z).v|| = A,

n—+oo

where A(n,z) == A(T" 'x)... A(z) and A(—n,x) = A(n, T~ "z)~! forn > 0.
the angles don’t close too fast: for alli # j,

1 ) ,
lim —log Z(Efpn,, E}.,) =0

n—oo n

Ezxercise 5. — Deduce Theorem 5f7"0n} Jiheorem 4 (in dimension 2). Hint: Apply
the previous theorem to both (T, A) and (T, A) = (T~', A=YoT~1). First show that the
Lyapunov ezponents of A are the opposite of those of A: N = 5\;(1)7H1, 7(z) = r(x).
Then consider Ei = Fin Fr@=H Pinally compute limy, .o Llogdet A(n,z) both
by using these results and Birkhoff’s ergodic theorem.

2.2. Ruelle-Margulis Inequality. — The following is the Ruelle-Margulis in-
equality [18].

Theorem 6. — Let f : M — M be a C'-map of a compact d-dimensional mani-

fold and let u be a f-invariant and ergodic probability measure with a.e. Lyapunov
exponents put > p? > - > u? (repeated according to multiplicities). Then

d
h(f,m) < max(u',0)
=1

We need the following consequence of Oseledets theorem:
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Fact 8 — Let f: M — M be a C' map and p an invariant and ergodic probability
measure with log™ | T f|| € L'(u) and Lyapunov exponents u' > p? > --- > p?
(repeated according to multiplicities). For any ¢ > 0, there exists N < oo and a
measurable subset My with p(M,) > 1 — € such that for all x € My,

e(ulzte)N 0
0 e(W? N 0 .
T.fNBi C K 0 eW’EON g B,

0 em'teON

where By is the unit ball and K (x) is some orthogonal map, depending on x.

ProOF: Let A, := T,f" (we assume M = T? to avoid charts, etc.). The polar
decomposition says that A, = O, P, where O,, is orthogonal and P, is the positive
matrix (A%A,)/2. P, = Q,;'D,Q, with Q, orthogonal and D,, diagonal, so that
A, = K, D, Q,, with K,, := 0,,Q;'. In particular, A,(B1) = K, D, (B).

Let d, > d? > --- > d¢ be the diagonal coefficients of D,,. We have to show that,
for p-a.e. x € M, %log di, — N

We do it for d = 2. Observe that d = ||A,]||, which grows like e £ Now
|det A,,| = dLd? from the above formula but it is equal to e FATE20m by the Os-
eledets theorem 4. This solves the problem for ¢ = 2.

The general case (d > 2) can be solved similarly by using |4, A A,| = d.d>

n-n’

|An A Ap A Ay = dLd2d3, ete. O

n-rn-n’

Remark 9. — The above is in fact the first step of the proof of Oseledets theorem
(see [11]), rather than its consequence.

PROOF OF THEOREM 6: For simplicity, we assume that M = T<. Let € > 0.
Let N < co and My be given by the previous Fact.
As f is C!, there exists p; > 0 such that, for every z € M, 0 < r < p;, every
y € B(x,r),
¥ (Bly,r) € TofY By, 2r)
By Birkhoff ergodic theorem, there exist A C M with pu(A) > 0 and ng < oo such
that for all z € A, all n > ny,

1
g#{0§k<n:ka€MN}>1—e.

Thus, for each z € A, there exists 0 < i(x) < N such that for all n > ny,
1 .
“H#{0<k<n:ffNT@re Myl >1—e
n

Note that i(x) is necessary as p is not necessarily ergodic for f.
Let 0 < pg < p1 be arbitrarily small. Let 0 < p < pg/2 be small enough so that

d(z,y) <p = Y0 <i< Nd(ffz, f*y) < po/2
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Notice the chain of dependence:
€~ N, My ~ p1 ~> po~ p

We are going to bound r(p,n,A) and hence h(f, u, p).

Let M, satisfy: for all x € M, 1 < #(B(z,p/2) N M,) < C(M), with C(M)
depending only on M. We give each x € A the following description. Let ¢(z) =y €
M, such that z € B(y, p) and

en() = (i(2), e(@); @), c(fV @), .., e(fPDN)) where 2’ = f{@)z
L(x) == (io(x), ... in(z)) with ig(z) = 1pr (f*N2")
Observe that
{y € M : cp(y) = cn(x)} C Bz, po,nN)
Hence it is enough to bound the number of distinct descriptions forn > 1, i € {0,1}™,
m > n:
C(n,i) ={cp(z) : 2 € A and I,,(z) = i}

The previous Fact is easily seen to imply:

Claim 10. — Let C,(S) be a set of p/2-balls from M, covering S C M with #C,(S)

minimum.
If B is a ball of radius p and v € My :

d
#C1(T, fN(B)) < C(M)exp N Y max(u', 0).

i=1
where C(M) is a number depending only on M.
On the other hand, for any x € M,

#O1(N(B)) < C(M)lip(f)™
Therefore for ¢ € {0,1}", for all x € M:
#C(k +1,1) < #C(k, )C(M)lip(f)™
If i, = 1, then
d

#C(k +1,0) < #C(k,i)C(M)exp N Y~ max (s, 0).

j=1

For z € A, Y720 (1 — ix) < en, therefore:

d
#C(n,i) < N(#M,)* - C(M)™ - lip(f)“*N - expnN Y " max(p, 0).
j=1
Observe that #{i(z) : « € A} < en(). Therefore, taking - log and letting n — oc:
d 1 1
< J i il il
ol po) <> mias(?,0) + edloglip(f) + - log C(M) + 60

j=1
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with ¢ depending only on € with lim._,o ¢(¢) = 0. We then let pg — 0, then N — oo,
then ¢ — 0. The theorem is proved. (|

2.3. Lyapunov charts. — By making a non-autonomous (linear) change of coor-
dinates, we can make the hyperbolicity appear uniform:

Theorem 7 (Pesin e-reduction). — Assume the hypothesis of Theorem 5: Let T
be a measure-preserving self-map of a probability space (X, A,u). Let A : X —
GL(d,R) be a measurable map such that:

max(log || A, log | A7"[|,0) € L' (1)

For any € > 0, there exists a measurable map C. : X — GL(n,R) with the following
properties:

= limypo0 3 log(|Ce(T™)|| + [|Ce(T™2) =) = 0;
— C(Tz)"*A(x)C.(x) has the following form:

Al(z) 0 .
0 A%(z) 0
0 A:(z)(x)
where Al (x) is a dim B x dim E! -matriz satisfying:
o] < |4 (z).0 < o]
— writing (e1, ..., eq) for the canonical basis of R,
Ce(x) <6k, €k+15 -+ Cktdim E;,—1> = E;
if k=dim EL + - + dim Ei~ 1.
Problem 1. — Can one have log ||Ce(z) Y| ¢ L'(u)?

The following simple reasoning will be used repeatedly for uniformization:

Ezxercise 6. — Let (an)necz be some sequence of numbers satisfying: lim, %an
0. Then for every € > 0, setting Ay, := Sup,,cz Gm+n — €|n| < 00, we have:

Am+n S Am + €|TL‘ and — € S Am+1 - Am S €

PROOF OF THEOREM T7: We restrict ourselves to the case r = d = 2, dim El =
dim E? = 1. In this case, the Oseledets theorem gives two measurable unit vectors

v}, v? (unique up to sign). For i = 1,2, define

x? T
M, =" [[A(n, @) e el
nez
and let:
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So that
+[|A(x).vl||vE, M. ,
CT(@) M A@)Cula)es = €l () )y Dl gy,

But (using A(z).v = ||A(x)'/U;H’U’3"(;v)):

[A(@) WL - Ml gy = D I A@) 0L - [|A(n, T(2)) Wl e
nez
= > lAn + 1,2) 0k [e AT = XEEN T An, z) vk le A = XM
nez nez
So that the above yields:

C(T(x) 1 A(x).Cc(z).e; =: Al(x).e; with A'(z) = ' *e.
Let us prove that C(z) is tempered. Observing that M; , > 1 yields:
[Ce(@)]] <1

On the other hand,
_ M} 0 _
Ce<x) t= ( 0795 MﬁZ@) W(l‘) !

where W (z).(ae1 + bes) = avl + bv2. So
[|Ce(z) ™| < |W ()Y max (M}

€,x7

MZ,)

Setting w(z) := Z(vk,v?), we have

lavk + bv2||? = a® + b + 2abcosw(x) = (a — beosw(x))? + b* sin® w(z)

a?+v>
sin
2

= (b—acosw(x))? + a®sin® w(z) > w(x)

Hence, [|[W(z)~!|| < ——2—, and, by Theorem 5

w(x)’

1
lim —logw(f™z)=0
|m|—o0 M
So it is enough to prove that Mgm is tempered. This is a delicate point(®), which
requires another application of Oseledets theorem (and of Poincaré recurrence) as
follows.

Observe that the cocycle A (which satisfies the assumptions of Oseledets theorem
as it is bounded with bounded inverse) must also have exponent A" since:

; 1 X 1 X ) ,
A= lim —log||A(z,n).vl| = lim —log (M (M!pn,) ' Al(n,z))
[n|—o0 T |n|—o0 M ’ ’

and, by Poincaré recurrence M; , ~ J\JZTCC for arbitrarily large n. Now the same
identity gives:
M pny = |A(2, )0, |7 Ac(n, 2) T Mo

€

() Though MZ (@) = eieMei,z is immediate.
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so that )
lim —log M! jn, ==\, + A, =0

n—oo N

O

Pesin’s Lyapunov charts extends the above linear uniformization to the non-linear
map.

Theorem 8 (Pesin’s Lyapunov Charts). — Let M be a a compact d-dimensional
manifold with a Riemannian structure defining exp : TM — M. Let f : M — M be a
CYrodiffeomorphism, o > 0. Let i be an ergodic and invariant probability measure.
For all pg > 0 and € > 0 small enough, there exist a measurable function p: M —
(0, po) and a measurable family of linear isomorphisms C(x) : R® — T, M satisfying
the following properties. Setting x. : B(0,p(x)) = M, z — exp,(C(x).z),
1. limy, oo Llog p(f"z) = 0 and p(fz) = e=p(z);
2. X;; o foxg:B(0,p(x)/2maxer) — B(0, p(fz)) coincides with the restriction
to B(0,p(x)/2) of a diffeomorphism of R? of the following form.:
(2.1) 2z A(x).z 4 Be(2)
with Ac(xz) as in the e-reduction theorem and B,(0) = 0 and for some constant

K(f):
7.8 < K||C(Tz)|| " p(z)* < e

PROOF: For simplicity, we assume that M = T2. In particular, exp(z,v) = z+v. We
fix some invariant and ergodic probabilty measure pu € Prob.(T) with two Lyapunov
exponents of distinct signs (as it is the most interesting case), i.e., 7 = 2 and
A= >1>,u::e>‘2
and let
1
€:= —
100
The e-reduction theorem 7 applied to A(x) = T, f yields a linear change of coordinates
C.: M — GL(n,R) inducing x, : R? — R? by x,(2) = 2 + Cc(x)2. Let
Fy(2) = Ce(fa) 7! (f(z + Ce(2)2) — f(z))
FL(0) = Cc(fz)™t o T f o Cc(x) is therefore of the form A.(x) in the notations of
Theorem 7. Thus
Fp(u,v) = (At €/10)u + a;(u,v), (p £ €/10)v + do(u,v))

where @;(0,0) = 0, Toc; = 0 and (u, v) +— T{y )& is a-Holder with constant bounded
by

min{\ — 1,1 — u}

k() = K[| Ce(T) | - | Ce() |
where K is the a-Hélder constant of  +— T, f on M. Observe that k(z) is tempered
(limp,— 00 % log k(T"z) = 0).
We have to show that F, extends to a globally hyperbolic diffeomorphism of R? in
the sense of (2.1).
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Observe first that it is the case for Fy restricted to B(0,r(z)) with

r(z) = min(po, (¢/2k(x))"/*))
has the form (2.1). Let b : R? — [0,1] be a C*° function with b(t) = 1 for [|t|] < 1,
b(t) = 0 for [|t|| > 2. Let p(z) := inf ez r(f2)e™/10 and define
(22)  Global(f,z, f(2), p(a))(2) = b(=/ple)) Fu(2) + (1 — b(2/p(x)) T .2

It is enough to see that T, Global(f, z, f(x), p(z)) — ToF, has small norm (as a linear
operator in R?). We have

T.Global(f,z, f(z), p(x)) — ToFy = b(z/p(z)) T Fut
(1 —b(z/p(x))ToFy + p(2) ™ (Fp(u,v) — ToFy(u,v))b (2/p(x)) — ToFy
= (e /() Tete + pla) ()W (2/ ()
The first term is smaller than k(z)-(2p(x))®. The second term is bounded by r(z)~! x

k(z)r(z)it® x C < Ck(z)r(z)®. Both bounds are less than ¢/2 by the definition of
plx) <r(z). O

Remark 11. — Observe that what forces the Pesin charts to be small is the linear
distortion ||C(z)~||. This is only known to be subexponential along orbits. A mod-
ulus of continuity weaker than Holder would not allow to control this with r(x) also
subexzponentially small. Thus the C1T is essential to the techniques involved.

The known counter-examples [15] are however very restrictive, thus it is not im-
possible that a similar theory would exist for less smooth diffeomorphisms.

3. Shadowing by Hyperbolic Sequences

3.1. Statement. — Recall that || - ||p is the sup norm in the relevant space of
functions.

Definition 12. — Let0 < p <1< X, e>0andd > 0. A (\ p,e¢ d)-hyperbolic
sequence is a sequence of C-diffeomorphisms f,, : R? — R2, m € Z, of the form:

fm(2,y) = (22, + Az + a(z,y), yo, + 1y + B(z,y))

with «(0,0) = 8(0,0) = 0 and ||/||o and ||3'||o bounded by € and max(|zY |, |y2,]) < d.
Let F(A, p,€,d) be the space of such sequences endowed with the product topology.

Theorem 9. — For all0 < p <1< X< oo and any 0 < € < €y(A, ) there exists

3e 3e 2
B A—p—2e Smi= A — 10e <1 anddo:= 1—p—2e
with the following property.

Let o < v < 71, d > 0, § > dod and A > DG Lot f = (f)men €
F(\ pye,d). Then there exists a unique sequence of Lipschitz maps gm : [-A, A] - R
satisfying:

(i) lgm(O)] < 6;

(i) 1ip(gm) < v;

Yo -
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(iii) fm(graph(gm)) > graph(gm1)-
The underlying map f € F(\, p,e,d) — go € CO([~A, A)) is continuous.

We use the notations v,, = CFL(\ £ €)" for:
C'A =" < Jup| SO+ )"
and f7 = f; 0 fmy1 00 fuo1 if m <mand f7 = (f™)~! otherwise.

Theorem 10. — For all 0 < p < 1 < A < 00, 0 < € < e1(\, ), there exists
Ry := Ro(A, p,€) < oo with the following property.
For any d > 0 and f € F(\ pu,¢e,d), there exists a unique sequence (zm)mez Of

points in R? satisfying:

(1) suppez [|2m |l < oo;

(i) fm(2m) = 2m+1;
Additionally:

(iit) supp,ez [|2m | < Rod

(iv) z is uniformly hyperbolic: there exist C > 1 and a sequence of independent unit

vectors vi,, v € R? such that f),(zm).v5, =v9, 4 for o =u,s and:

I(F) Gm)-opll = CFH (£ 56)" ™ [[(f) (2m)-vp | = CFH(A £ 5e)" ™™
Moreover, if fl, = fm for m =0,..., M define two sequences of points z,, and zl,

respectively, then
l2m = 2l < Rod (A =56~ 4 (u+ o))
We call this exponential shadowing.
Remark 13. — The following is a variant of standard material. We have freely used

the textbook [9] (chapter 6).

3.2. Invariant cone. —

Definition 14. — The y-horizontal cone is:
H, = {(u,0) € B : Jo] < ~ul}.
Lemma 15. — There exists 0 < v' <~ such that, for all m € Z, (x,y) € R?,
fr(z,y).H, C Hy C H,.
Also for all w € H,,
A =5e)llwll < [[frm(z,y)wl < (A +€)]w]

ProOOF: Let (v/,v") := f] (x,y).(u,v). Compute:
[u'] = |Au+ aj.u+ ag.v| > (A — € — ey)lul.
Also:
py + 2€ |

o] = 0+ B+ Byl < (- e)fol + elul < (o + )y + )l < BT
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But v > 4o implies:
f oyt 2
= <
A —2¢
We turn to the growth of the norm of w = (u,v) € H,. Obviously, writing v’ =
fon (@, y)0,

[w'l* = (u)? + (v')* < (A + €)*u® + (n+ €)*v? < (A + €)*||w]|?

proving the upper bound. On the other hand,

wl < V1472l < (1+7%)ul
Also,

2e
llwl = (= 5o
where the last inequality holds because v < 7. |

A
1@y y)-wll = 0| = (A = 2€)|u] =

3.3. The Graph Transform is Well-Defined. — Let

L(v,0) := {g € lip([-A, A]) : lip(g) < and [|g(0)]| < 6}

We are going to define a sequence of graph transforms Ty, : L(v,8) — L(v,0) such
that:

graph(I'ng) = fm(graph(g)) N [-A, A] x R.
fm and g € L(v, ) induce the following mapping G, : [-A,A] — R:
Gm(x) =T 0 fm(l',g(.’lf))
where 71 (x,y) = x. Thus, where it makes sense:

(Limg)(Gm () = T2 0 fim(z, 9(2)).

Claim 16. — (here as in other places we pretend that g is C* and not only Lipschitz
for simplicity)

(3.1) |G (0)] < d+€d
(3.2) Gl () > X —2¢ for all x € [-A, Al
As A > (d+€d)/(A—1— 2e),
(A= 20A — (d+e) = A

so the claim will imply that G} : [-A, A] — [-A, A] is well-defined. The proofs are
simple computations:

G (0)] = |71 0 fin(0,9(0)] < fag,| + log| - 9(0)] < d +ed
and:
|G (@) = A+ o +ag.g'(2) 2 A —e—ey > X = 2e.
Thus, Ty, : L(y,d) — lip([—A, A)) is well-defined with:

(3.3) Tog(z') =m0 f(G 12 g(Gl ).
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To see that T, : L(vy,0) — L(v,6) is well-defined we have to check the following.
First, as f,, preserves the y-horizontal cone,

lip(T'y,9) <7

Second, |g(x.)| < & + v|z.| and

Go(2:) = 2%, + Ay + (24, g(2.)) = 0
d+e5

= M| < o]+ ele] + (@ +la.]) = o] < 53—

therefore (using pu < A — 4e)

[(Tmg)(0)] < [ym | + |72 0 fn(2s, g(24)) — T2 (fim (0,0))]
<yl + (14 )lg(@a)| + elma] < [y |+ (1 + €) (8 + ylwa]) + €|z

2
< (u+26)5+<1 + “;26) d < (u+2€)6+2d < 6
— 4Z€

d—+ €d
< d+ (k)5 e)yHe) S

by the assumption § > dpd. This completes the proof that T',,,g € L(7, 6).

3.4. The Graph Transform is a Contraction. — The previous results show
that there are orbits remaining close to the origin for any finite time segment [n, m]:
the pre-images by fro... fm_1 0of [y_q10---0T,(0) where 0 € L(vy,d). To extend this
to infinite time segments we shall find a sequence of g,,, € L(v, ) with T',,gm = gmt1
by establishing contraction properties of the I';;,’s.

Forn<m,let " =T, 0l 410--0T,_1: L(v,0) = L(v,9).

Proposition 17. — Let m < n be two integers. Then, for any g,h € L(v,0),
(34) I3 (9) = T (h)llo < (1 +2¢)"™[lg — hllo

PROOF: It enough to show (3.4) for n = m + 1. Let G,, be defined by f,, and g as
above and let H,, be defined likewise by f,, and h. Let z € G,,}([-A, A]) C [-A, A].
Observe that:

|Gn(z) — Hin ()| = [m1(fim (2, 9(2)) — (2, h(2)))] < €lg(x) — h(2)]
Hence, using that lip(T'h) < 1:

ICmg(Gm (7)) =Tmh(Gm(2))] < \Fmg(Gm(m)) mh(H, (ﬂr))|+|F h(Hp, () =L (G (2))]
< |ma(fm (2, 9(2)) — (a?,h(fv)))lJrlH (x) = G ()|
< (p+elg(x) = h(@)| + elg(z) — h(z)] < (1 +26)[lg = hllo
O
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3.5. Proof of the Theorem. — Observe that the properties (i)-(iii) of the gy,’s
announced in the statement of the Theorem are equivalent to g, € L(v,d) and

Lgm = Im+1-
Remark that, in the norm || - ||o,

diamZL(v,d) < 20 4+ 2vA.
Ezistence of the sequence (gm)mez. — Forn € Z, let gﬁbn) be an arbitrary element of
L(~,9) and for all k > n, let:

o = Th(6)
Observe that, for each m € Z:

gm = lim ¢\ exists in L(v,0).

Indeed, for any p < g < m:
9% = g5Pllo = T3 (95”) = T3 (g5 lo < (1 + 2¢)7 " diamL(v, )

which goes to zero as ¢ = max(p,q) — —oo. Thus we have a Cauchy sequence in the
Banach space (lip([—A, A]), || - |lo)- L(7,9) is a closed subset of this space, hence gy,

belongs to it.

As T, is continuous, gffﬁrl = Fmg,(ff) goes to the limit: Iy, g = gm+t1-

Uniqueness of the sequence. — If (g}, )mez is another such sequence, then, for any
m € Z, for all n > 0,

g — gmllo < (1 +2€)" (|91 — gm—nllo < (1 + 2€)"diamL(~, d)

so that g, = gm.-

Continuous dependence. — Let a > 0 and f € F(\, p,€,d). Let n > 0 be an integer
large enough so that (p + 2€)™diam(L(7,0)) < a/2. Let b > 0 be so small that

(3.5) Vk € [=m,n]||fr — frllo <b
imply:
T g0 =T g nllo < a/2
where ' and IV are defined by f and f’ respectively. Let U be a neighborhood of f
in F(\, p,€,d) such that every f’ € U satisfies (3.5). Thus, for any such f' € U,

0
llgo — gollo = T2, (9—n) = T"_. (g~ ) llo

0 0 0
<P, (g=n) = T (g=n)llo + T2 (9=n) = T2 (0" ) llo
a
<5 (ut26)"g-n — g nllo<a

This concludes the proof of Theorem 9.

3.6. Proof of Theorem 10. —
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FExistence. — Let 7 : R? — R? be the symmetry wrt z = y. Under the assumptions
of the theorem, one can apply Theorem 9 both to f := (fy)mez and f~ := (rof=} o
T)mez. Indeed, f~1is a (,u_l,é,cZ)—hyperbolic sequence for d := 2u~1d, € := 2\ Le
(assuming e small enough).

Thus, for 0 < € < €1(A, p) small enough, we can define, with obvious notations:

0 <40 :=max((f),7(f") < =min(n(f),n(f") <1

Also let A := min(\, p~1), fi := max(p, A7), 6o := 17;2275 and

A 50 g
A—1-—2¢
From now on, we drop the hats.

In this way we obtain maps g,, and g,, in L(v, ). We claim that (1) graph(g,,) N

7(graph(g_,,)) is a single point z,, and that (2) this sequence z,, satisfies properties
i)-(iv).

To see (1), observe that ||gm|lo < 0+vA < A, hence graph(g,,) is a line contained in
the square [-A, A]? and joining its left side to its right side. Similarly, 7(graph(g,,))
is a line contained in the same square joining its top side to its bottom side. The
two lines must obviously intersect (apply the Brouwer fixed point theorem —or just
elementary continuity arguments— to g, © g_m, : [—A, A]).

(2) easily follows from (1) upon remarking that 7graph(g,,) is a stable manifold.

Uniqueness. — Let (2], )mez be another solution satisfying ||z,,|| < d for all m €

Z. We prove that z], € graph(g.,,) in the above notation. To see this, repeat the

(n) /

construction of the g,,’s starting with gy~ := y),, the y-coordinate of z/,, for each

n € Z. It follows that z/, € graph(gﬁl")) hence z], € graph(g,(:f)) for all m > n. Letting
n — —oo we obtain the claim.

Additional properties. — Clearly the above proof implies sup ||z, < 2v/2A, hence
we can take
Ry =8—— L+ pot
A—1-2¢
yielding property (iii).

To establish property (iv) we sketch the proof of the existence of an unstable
direction with the stated properties.

First, the fact that f maps the cone H, strictly into itself (Lemma 15) implies
that the projective version of the differentials f’(z,,) are uniformly contracting in
the Birkhoff metric of the projectivization of H, (see [12]) and this allows one to
easily construct the invariant direction v € H, (in fact this argument shows that
the functions g, are differentiable). The second part of the same Lemma gives the
statement about the rate of expansion.

Ezponential shadowing. — Let f, f' € F(A\, u,€,d) and M > 1 be as in the statement
of the theorem. Let G, Gm, 9o, Gy e the maps in L(7y, A) associated respectively
to f, £, f, f'~" defined as above. Define Wi .= graph(gm), WS, := 7(graph(gm))
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and define W*, W’* similarly. Let 2, = WY N W2 and 2/, = W* N W?  be the
associated points.

Let w,, be the unique intersection point of W’ and W, for m = 0,..., M (this
is well-defined by the same arguments as those given above for z,,).

wy, and 2}, are both on W', whose tangent vectors are expanded by a factor at
least A — 5e under f,,. Thus,

1
>
T 1+
that is, as both wys and z/,, belong to [-A, A]? and v < 1:

d(wnm, 2,) < 4V2A(X — 5e)~M=m)
Using that w,, and z,, are both on W* we obtain:
AW, 2m) < 4V2A (1 — 5e)™™

The triangular inequality yields the claim about d(zp,, 2/,) for m =0,..., M.
This concludes the proof of Theorem 10.

d(war, 2hy) A =56 M="d(w, 2.)

4. Katok Non-Uniform Shadowing Lemma

Theorem 11. — Let f: M — M be a C** (a > 0) diffeomorphism of a compact
manifold possessing a hyperbolic measure®® p. There exists a compact set A such that
w(A) > 0 and for all ry > 0, there exist a number ro > 0 such that if x € AN f~"A
and d(z, f"x) < rq, then there exists a periodic point z € M such that:

— d(f*z, fkx) <7 forallk=0,...,n— 1.
Ezxercise 7. — Show that if p above is not reduced to a periodic orbit then f has

infinitely many periodic orbits.

We give as usual the proof for the two dimensional case. We further assume that
M = T for simplicity.

Let p be some hyperbolic measure of f. Let A > 0 > p be the exponents of u. Let
Li=e>1>K:=¢"and 0 < e < min(\/100, —11/100, eo(L, K)) where ¢; > 0 is
defined in Theorem 10.

Recall that Pesin’s theory defines linear charts x,(z) = z + Cc(z).2 on B(0, p(x))
— see Theorem 8. Now, let’s use some of measure theory’s magic (see [17], Theorems
2.18 and 2.23):

Theorem 12 (Lusin’s Theorem). — Let X be a locally compact Hausdorff space
such that every open set is o-compact and p be a Borel positive measure which is finite
on compact subsets. Then p is reqular and for every measurable function f: X — R
such that p({z : f(z) # 0}) < co and every € > 0, there exists a continuous fonction
g : X — R with bounded support satisfying:

plfz = g(e) # f(2)}) <e

(3)This means ergodic, invariant probability measure with no zero Lyapunov exponent.
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In particular, there is a compact subset of measure arbitrarily close to 1 on which the
restriction of f is continuous.

Applying this to the functions p and C. (eg, the values of the coefficients), we
obtain a compact subset A; C M such that:

— p(A1) > 0;
— C¢(z) and p(x) are continuous on Aj.
Recall that Theorem 10 has defined a number Ry > 0. Let
min(ry, miny, p)
Let 75 > 0 be small enough so that for arbitrary = € A, y € f~'A;, we have:
d(fz,y) <ry = Global(f,z, fy, p(x)) is (L, K, €, d)-hyperbolic.
where Global(-) has been defined in the proof of Theorem 8, eq. (2.2).
We now define a hyperbolic sequence f = (fi)mez € F(L, K,€,d) as:
— fm = Global(f, f™z, fmHa, p(fmax)) for 0 <m < n — 1;

- fnfl = GIObal(fa fn—lx’ z, P(fn_lw))Q
— frtqn = fi for k € [0,n —1] and ¢ € Z.

Applying Theorem 10, we get a periodic sequence (2m)mez, Zm+n = 2Zm Which is
close to the origin. Indeed, the last claim of Theorem 10 for the sequences f and f’
defined by the Lyapunov charts around the true orbit of = gives, for 0 < m < n:

om0l < Rod(L—56)" ™+ (K+e)™) < max(p(x)e™™, p(f"w)e™ ") < p(f™)

Hence, (2 )mez stays in the domains of the charts x fm moa n, and therefore gives a
f-orbit on M,

d:=

Z = X:U(ZO)
Finally, for 0 < m < n,

d(fmz, fx) < sup ||zm|| < Rod < 71.

as claimed, finishing the proof of the Shadowing Theorem.

5. Existence of Hyperbolic Horseshoes

5.1. Statements. — Katok applied the previous idea to get not only a periodic
orbit but a whole horseshoe.

Theorem 13. — Let f : M — M be a C'+¢ diffeomorphism of a compact manifold.
Let 1 be a hyperbolic, ergodic invariant probability measure. For any h < h(f,p),
there exists a hyperbolic invariant compact set A C M such that

h(f|A) = h.

Moreover,

1
limsup — log #{x € M : f"x = x is hyperbolic} > sup h(f, 1)
n—oo N HEPTObRy, (f)
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5.2. Proof of the Theorem. — We proceed basically as in the proof of the Shad-
owing Theorem 11, but for many orbits at once.

Let 79 > 0 small enough so that, according to the relevant variant of Katok’s
formula:

1
lim inf — log s(rg, n, 1) > h.
n

Let A and r > 0 be the compact set and positive number defined in the proof of
Theorem 11 for r; = ro/4. Maybe after reducing it (but keeping positive measure),
we can assume that A C B(zy,r2), for some z, € A.

As pu(A) >0,

s(ro,n,A) > s(rg,n,u) = inf  s(rg,n,Y
(1o ) (ro,m, 1) W) 2 () (ro )
S0,
1
lim inf = log s(rg,n, A) > h.
n—oo n
For each n take an (7o, n)-separated set C,, C A with maximum cardinality. Observe
that
AC U B(x,rg,n)
zeCy,
(otherwise the cardinality wouldn’t be maximum).
A simple application of Birkhoff ergodic theorem yields:

Claim 18. — Maybe after reducing A by an arbitrarily small measure, for any d > 0,
there exists n1 < oo such that for all z € A and n > nq,

I1 - 6n <k <n st.ffr e A.

Therefore one can find an integer n’ € [(1 — d)n,n] and a subset C,, C C,, with
#C! > #Cp /n > eI such that all 2 € C!) satisfy f* z € A.

We claim that one can find an (e, n')-separated (and not just (e, n)-separated) sub-
set C! C C! with #C” > "', To this end, partition C’, according to (c(z, k))p/ <p<n.-
This partition has at most Ce(®=n")(heon(T)+€) gloments, hence contains a set C!' with
cardinality at least e"(h“‘e)_‘sn/C > e proving the claim.

For simplicity we pretend now that n’ =n and C// = C,,.

Now define a basic sequence to be a finite sequence of maps f* := (fF,..., f*_)
for each x € C,, by setting

fE = Global(f, f™z, f™x, p(f™(z))) (0<m<n-—1)
@ = Global(f, f" tx, xy, p(f"a.))
Claim 19. — Each f7 is (L, K, €,d)-hyperbolic.
Therefore, given (z;);cz, an arbitrary sequence of points of C,,, the concatenation
f of the basic sequences f* belongs to F(L, K, ¢,d) and hence, as in the proof of the

Shadowing Theorem 11, defines a sequence (2, )mez. These points are close enough
to the origins of the charts so as to correspond to the f-orbit on M of the point

2= Xao(20)-
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Let S; be the union of points obtained in this way. Let S := J;_, f*S; be the
union of the corresponding orbits. S; is the image by a continuous map of a compact
set, hence it is compact. Thus S is a compact and invariant set.

Note that, as a consequence of the Shadowing Theorem,

d(fm™rinz, fme) < ri/2

so that S is r1/2 separated: if z and 2z’ are obtained from two distinct sequences
then there exists some k € Z such that d(f*z, f*2’) > ry/2. In particular, f"|S; is
topologically conjugate to the full shift {1,...,#C, }~.

Finally Theorem 10 (iv) also shows that S satisfies uniform hyperbolicity estimates
which can be carried to the manifold.

This concludes the proof of the theorem.

5.3. Corollaries. —

Remark 20. — It is not difficult to ensure the following additional property ("weak
star closeness” of A to ). Given any number of continuous functions ¢1,...,on and
€ > 0, one can choose A so that for some ng < oo, for all x € A and all n > nyg, for
alli=1,...,N,

n—1
=Y bR - o) <.
k=0

Let us give three especially interesting corollaries.

Corollary 21. — Let f : M — M be a C'*¢ diffeomorphism of a compact surface.
Then
1
lim sup - log #{x € M : f"z = x is hyperbolic} > hiop(f)-
n—oo
Remark 22. — It has been shown by Chung and Hirayama [3] that the inequal-

ity above is an equality provided that one counts only "uniformly hyperbolic periodic
points”, i.e., x € M with f"x = x and

|Te f*(f )| = et

for arbitrary v > 0 and 0 < X < hyop(f)-

It is on the other hand easy to construct examples such that f" has infinitely
many fized points and V. Kaloshin [6] has shown that there is an open subset of
C? diffeomorphisms for which, generically, the number of hyperbolic periodic points
grows arbitrarily fast (see also [7] for which an ”"prevalent” upper bound is proved by
controlling the above number v as n — o).

Corollary 23. — (of the proof) Let f : M — M be a C**¢ diffeomorphism of a
compact manifold. If f has a hyperbolic measure which is not periodic then hyop(f) >
0.

In particular, on surfaces, zero topological entropy implies that all ergodic invariant
probability measure have a zero exponent, except possibly for the periodic ones.
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Ezxercise 8. — 1. Find an example where the hyperbolic measure itself has zero
entropy.

2. Prove the above corollary. Hint: Construct two distinct periodic points by
applying the shadowing theorem 11 to two returns x;, f™x; (i = 0,1) to the compact
set (use the exponential shadowing). Check that for p > 1 large enough, the following
map is one-to-one: 7 : {0,1}2 — M defined by m(c) is the point shadowing:

(" '7x0tn7f(xan)7""fpnan_l(xayu"')'

Question 3. — Find o C'*e-surface diffeomorphism with zero entropy, infinitely
many periodic points, all of them hyperbolic. Can you ensure that the Lyapunov
exponents are bound away from zero?

Corollary 24. — For any compact surface M?, the map
hiop : DIff!T¢(M?) — [0, 00)
is lower semi-continuous. Also, hiop @ Diff™(M?) — [0,00) is continuous.

We now give the proofs of the Corollaries.

The first corollary is a consequence of Ruelle-Margulis Inequality (Theorem 6).
Let u be an ergodic and invariant probabiltiy measure with non-zero entropy and
exponents put > p?. We must have 0 < h(f, ) < max(A,0). Hence A\* > 0. On the
other hand, y is also invariant by f~! with exponents —u? > —u! and the previous
reasoning applied to it yields —u? > 0. Thus, u is hyperbolic. Hence:

sup  A(fpu) = sup  h(f,p) = hiop(f)
HEPTObA Yy, (f) nEProbe(f)
by the Variational Principle Theorem 2.
The first assertion of the second corollary is a consequence of the structural stability
of uniformly hyperbolic dynamics (see Theorem 18.2.1 of [9]). The second assertion
follows now from Yomdin’s theory [19, 2]:

f e (M) — hiop(f)

is upper semi-continuous.

6. Conclusion - Comments

6.1. Counterexamples. — In higher dimensions: it is not true that there are in-
variant hyperbolic sets with entropy approximating the entropy of the whole. Indeed,
just consider the product of your favorite nonzero topological entropy system with
the identity on the circle. To kill all periodic points without modifying the entropy,
replace the identity with an irrational rotation.

For homeomorphisms: Rees [16] has built surface homeomorphisms with nonzero
topological entropy which are minimal, hence without any periodic points. She ob-
tains these dynamics as limits of zero entropy transformations. Hence the topological
entropy is not lower semicontinuous on Homeo(M?).
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It is a major open problem to decide if C' surface diffeomorphisms are like home-
omorphisms or C1T¢ diffeomorphisms in this respect (see [10] for a ”combinatorial”
distortion control for C! interval maps).

6.2. Global results. — Stronger results are known for interval maps, which go
beyond approximating to give a global structure:

Theorem 14 (B 1995, B 2000, B-Ruette 2001). — Let f : [0,1] — [0,1] be a
CY* ¢ map. If hiop(f) > 0 then f is entropy-conjugate to a countable Markov shift.
If, additionally, f has a measure of mazimum entropy (which is the case if f is C"
with r large enough), then, for some positive integer p:
. PN
lim inf #iz: fe =z}

>1
n— o0 epn-hmp(f) -

On surfaces we have the same result for a class of models:

Theorem 15 (B). — Let f be a piecewise affine homeomorphism of a compact sur-
face (say T?). If hiop(f) > 0, then f has finitely many ergodic invariant probability
measures with mazimum entropy (for short maximum measures. Moreover, we
have a multiplicative lower bound for the periodic points: for some positive

nteger p:
it ST
The above results motivate the:
Conjecture 1. — Any C't¢ diffeomorphism of a compact surface with nonzero topo-

logical entropy has an at most countable, possibly empty, collection of maximum mea-
sures.

If there exists a maximum measure, then a multiplicative lower bound for the peri-
odic points holds.

Conjecture 2. — Any C*™ diffeomorphism of a compact surface with nonzero topo-
logical entropy has a finite collection of mazimum measures, non-empty by Newhouse’s
result. In particular, a multiplicative lower bound for the periodic points holds.

Appendice A
On the Interval

Theorem 16 (Misiurewicz (1979)). — If f : [0,1] — [0,1] is a continuous map
then 1
lim sup - log#{x : f"x =z} > hiop(f).

Ezxercise 9. — Let f : [0,1] — [0,1] be continuous. Let P be a finite partition of
[0,1]. A P-graph is a finite graph which satisfies the following properties:

— its set of vertices includes P;

—yfU—-U — = U, >V uwithUV € P andU; ¢ P for all 1 <i <n, then

Y U) DV oand fF(U) BW foralll1 <k <n and W € P;
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— if some vertex U has a successor not in P then it is its only successor;

— each vertex has some successor.

Show that there exists ¢ > 0 such that if P is a fine enough partition of [0,1] into
subintervals and any P-graph has entropy, defined as limsup,,_, %log N(n) if N(n)
is the number of paths of length n, at least hyop(fM) — c. and compare with a graph
with more arrows.

Prove the above Misiurewicz theorem.

(1]

S

4 Hint:

one

Références

Adler, R. L.; Konheim, A. G.; McAndrew, M. H. Topological entropy, Trans. Amer.
Math. Soc. 114 1965 309-319.

D. Burguet, A proof of Gromov-Yomdin’s algebraic lemma, preprint.

Chung, Yong Moo; Hirayama, Michihiro Topological entropy and periodic orbits
of saddle type for surface diffeomorphisms, Hiroshima Math. J. 33 (2003), no. 2,
189-195.

Crovisier, Sylvain, Une remarque sur les ensembles hyperboliques localement mazxi-
mauz, C. R. Math. Acad. Sci. Paris 334 (2002), no. 5, 401-404.

Gurevich, B. M.; Savchenko, S. V. Thermodynamic formalism for symbolic Markov
chains with a countable number of states (Russian) Uspekhi Mat. Nauk 53 (1998),
no. 2(320), 3-106; translation in Russian Math. Surveys 53 (1998), no. 2, 245-344
V. Kaloshin, An extension of the Artin-Masur theorem, Ann. of Math. 150 (1999).
Kaloshin, Vadim Yu.; Hunt, Brian R. A stretched exponential bound on the rate
of growth of the number of periodic points for prevalent diffeomorphisms. 1. € II,
Electron. Res. Announc. Amer. Math. Soc. 7 (2001). (to appear Annals Math.)

A. Katok, Lyapunov exponents, entropy and periodic points for diffeomorphisms,
Publications Mathématiques de I'THES, 1980.

A. Katok, B. Hasselblatt, An introduction to the modern theory of dynamical sys-
tems, CUP, 1995.

Katok, A.; Mezhirov, A. Entropy and growth of expanding periodic orbits for one-
dimensional maps. Dedicated to the memory of Wiestaw Szlenk. Fund. Math. 157
(1998), no. 2-3, 245-254.

U. Krengel, Ergodic theorems, WdG.

C. Liverani, Decay of correlations for piecewise expanding maps. J. Statist. Phys.
78 (1995), no. 3-4, 1111-1129.

M. Misiurewicz, Horseshoes for continuous mappings of an interval Dynamical sys-
tems (Bressanone, 1978), pp. 125-135, Liguori, Naples, 1980.

S. Newhouse, Entropy and volume, Ergodic Theory Dynam. Systems 8" (1988),
Charles Conley Memorial Issue, 283-299.

Pugh, Charles C., The C'T hypothesis in Pesin theory, Inst. Hautes tudes Sci.
Publ. Math. No. 59 (1984), 143-161.

Rees, M., A minimal positive entropy homeomorphism of the 2-torus, J. London
Math. Soc. (2) 23 (1981), no. 3, 537-550.

Take N so large that hiop(f) < hiop(f) + 1 and M so large that fM(I;) contains at least



SURFACE DIFFEOS - GRENOBLE 2006 25

[17] W. Rudin, Real and Complex Analysis, McGraw-Hill, 1970.

[18] Ruelle, David, An inequality for the entropy of differentiable maps, Bol. Soc. Brasil.
Mat. 9 (1978), no. 1, 83-87.

[19] Y. Yomdin, Volume growth and entropy. Israel J. Math. 57 (1987), no. 3, 285-300.
[20] P. Walters, Introduction to ergodic theory, Springer.

JEROME Buzzi, Centre de Mathématiques, Ecole polytechnique, 91128 Palaiseau Cedex, France
E-mail : buzzi@math.polytechnique.fr o Url : wuw.jeromebuzzi.com



